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A B S T R A C T   

Bubbles (a.k.a. whales) that develop from gas entrapped beneath a geomembrane in pond liner applications lead 
to localized increases in geomembrane strain that warrant evaluation. Results from three-dimensional, 
geometrically-nonlinear, finite-element analysis are presented to show how geomembrane stiffness, fluid 
depth, volume of entrapped gas, and interface friction affect the deformed shape of, and maximum strain in the 
geomembrane. It is shown that the deformed geomembrane follows a bell-shaped curve and that geomembrane 
strain increases as the fluid depth increases until the bubble is submerged. The extent to which the maximum 
strain increases with decreasing geomembrane stiffness and increasing volume of entrapped gas are quantified. 
Design and operation charts are presented to provide a practical means of assessing strain in existing geo-
membrane bubbles or identify maximum fluid depths to limit geomembrane strain to a target value.   

1. Introduction 

Obtaining a relative level of impermeability is key when selecting a 
liner for fluid containment in environmentally sensitive applications like 
process ponds for mining, leachate ponds for municipal and hazardous 
waste landfills, and industrial and municipal wastewater treatment 
ponds (e.g., Lavoie et al., 2022; 2021; 2020; Nower et al., 2020; Sharma 
et al., 2023). Intact geomembranes provide flexible fluid barriers, 
which, since the 1940’s, have been used as pond liners instead of other 
options (e.g., concrete, asphalt and low-permeability soils). Often for 
cost and maintenance reasons, many geomembrane-lined ponds are 
designed and constructed with an exposed single geomembrane, without 
any soil covering or ballast. One of the design and operational challenges 
with this configuration is that gas can accumulate beneath the geo-
membrane and create a localized zone that is lifted off the underlying 
surface (Fig. 1), herein denoted as a bubble. They have also been 
referred to colloquially using the zoomorphism, whales or hippos 
(Gassner, 2017; Guo et al., 2016; Marta and Armstrong, 2020). 

The gas may be from: entrapped air beneath geomembrane wrinkles 
formed during installation (Gassner, 2017; Thiel, 2016a; 2016b; Wallace 
et al., 2006), emissions generated by biologically active wastewater that 
leaked beneath the geomembrane (Koerner, 2005; Thiel and Giroud, 
2011), or expulsion of air from the subgrade due to a rise in the 
groundwater table (Giroud and Goldstein, 1982; Guo et al., 2016; Wang 

et al., 2020). Several complications may arise from bubbles, including: 
a) the loss of pond storage volume, b) increased leakage from the pond 
by creating a geomembrane region with no subgrade contact, c) boats or 
other equipment can cause mechanical damage to the geomembrane, d) 
poor aesthetics for decorative ponds, e) extreme stretching, or bursting, 
of the geomembrane due to the strains imposed by the gas pressure, and 
f) potential damage to the geomembrane as the exposed parts of bubble 
are subjected to cyclic stress due to wind, waves, and thermal cycles 
(Marta and Armstrong, 2020; Peggs, 2012). 

Methods have been proposed to model geomembrane bubbles. For 
example, Guo et al. (2016) modelled the geomembrane as a thin shell 
with uniform tensile force subject to internal bubble pressure and 
external fluids pressure to solve for bubble geometry and geomembrane 
tensile force. Thiel (2016a) assumed the general form of the deformed 
bubble shape (circular on top down to a point of inflection and then as a 
clothoidal spiral until reaching a point of tangency with the subgrade) 
and considered force equilibrium to iteratively solve for bubble height, 
diameter, pressure and geomembrane strain. Both methods neglected 
interface friction between the geomembrane and the subgrade. In terms 
of geomembrane strain, the first method had no explicit mention of the 
distribution or magnitude of geomembrane tensile strain, whereas the 
second assumed constant strain across the top of the bubble and 
concentrated strain near its edge. While geomembrane strain has been 
investigated for bottom liner applications (e.g., Eldesouky and 
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Brachman, 2018; 2023; Marcotte and Fleming, 2021; 2022; Fan and 
Rowe, 2022) there is a paucity of data on strain developed from geo-
membrane bubbles. 

Three-dimensional, geometrically-nonlinear, finite-element analysis 
is an alternate approach to model bubble formation and geomembrane 
strains. By simultaneously solving force-equilibrium and strain- 
displacement equations as the geometry of the bubble changes from 
increases in fluid depth, the finite-element analysis would be expected to 
capture the dominant influences on geomembrane strain (e.g., vertical 
and radial displacements) without the previous simplified idealizations, 
other than the form of a constitutive model between stress and strain. 
Such finite-element analysis with a linear, elastic constitutive model was 
used by Thiel et al. (2022) to compare with the two existing methods for 
one particular set of parameters. For a fluid depth of 2 m, bubble height 
of 3.6 m and geomembrane stiffness of 300 kN/m, the bubble radius and 
strain at the water line from Thiel’s (2016a) method were within 7.4% 
and 13%, respectively, of the values calculated from the finite-element 
analysis, while bubble radius from Guo et al. (2016) was within 3.2% 
of that from the finite-element analysis. While the results from the two 
simplified methods were found to be relatively close to those from the 
finite-element analysis, additional evaluation of geomembrane strain is 
warranted given the importance of limiting strain to prevent geo-
membrane rupture. 

The objective of this paper is to quantify the geomembrane strain 
from pond liner bubbles using three-dimensional, geometrically- 
nonlinear, finite-element analysis. The effects of geomembrane stiffness, 
fluid depth, volume of entrapped gas, and interface friction on the 
deformed bubble shape and hence the pattern and magnitude of geo-
membrane strain are examined. Parametric studies of geomembrane 
strain, bubble size, bubble pressure and submergence depth are pre-
sented for a wide range of practical cases. Design and operation charts 
are presented to provide a practical means of assessing strain in existing 
geomembrane bubbles or identify maximum fluid depths to limit geo-
membrane strain to a target value. 

2. Bubble formation and factors affecting bubble size 

In a field case study, Wallace et al. (2006) reported formation of 
bubbles in a pond from entrapped air beneath geomembrane wrinkles. 
Pockets of air can accumulate under the geomembrane during installa-
tion. As the pond is being filled, the water begins to coalesce wrinkles 
into floating air pockets. If the pond bottom is not sufficiently sloped to 
allow the air pockets to be driven upslope, or if the pond does not have 
an unsaturated gas venting system below the geomembrane to allow the 
air pressure to freely vent, then the loose air pockets will progressively 
accumulate into discrete bubbles. Theses bubbles would accumulate 
under localized high points in the liner subgrade. The initial volume of 
entrapped air and the ability of the air to accumulate into bubbles are 
the two main factors affecting the bubble size, which in turn affects the 
bubble pressure and geomembrane strains. 

For purposes of providing a context for examining the factors 
affecting bubble formation, size and strain, the modelling in this paper 
considers bubbles accumulating over a circular pond region with radius 
R (Fig. 1) that is lined with a single geomembrane. The results can also 
be used for square ponds with width S. The initial entrapped air is taken 
to be randomly distributed beneath the wrinkles existing in the newly 
installed geomembrane and the total volume of entrapped air depends 
on the cumulative size of the wrinkles. In the worst case, all the air 
entrapped would accumulate in one single large bubble during pond 
filling. Engineered features (e.g., partition ballast, intermediate anchor 
trenches, unsaturated transmissive venting strips) can be designed to 
isolate the entire pond into different zones that would contain the 
entrapped air and hence any resulting bubbles within each zone. This in 
turn would reduce the maximum volume of a bubble in subdivided re-
gions of the pond and the entrapped air would accumulate into several 
smaller bubbles rather than larger ones. As such, and for a square region 
of pond with dimension S, the values of S considered in Table 1 could 
represent as large as a 100 × 100 m pond to a much smaller 10 × 10 m 
pond without any partitioning measures, or an even larger pond if it 
were subdivided into smaller partitioned zones with dimensions S × S. 

There is a paucity of data on the volume of entrapped air beneath 

Fig. 1. Problem definition. a) Geomembrane with initial volume of entrapped air vo. b) Development of geomembrane bubble under external fluid pressure Pw and 
internal air pressure P. 
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geomembrane wrinkles. Wallace et al. (2006) made estimates of the 
frequency and size of wrinkles in a newly installed pond and estimated 
the entrapped air volume to be between 50 and 100 m3 beneath a 105 m 
× 178 m pond, which would correspond to an entrapped air volume per 
unit area between 2700 and 5500 cm3/m2. In the case of a 100 × 100 m 
(1 ha) pond, this range would represent a total entrapped air volume 
from 27 to 55 m3. Wallace et al. (2006) estimated that the average 
bubble size experienced in their case history was on the order of 3 m3, 
which tends to the smaller range of bubble size that have been observed 
at other sites. Towards the upper end, Thiel (2016a) reported on a single 
bubble with a diameter greater than 35 m, height greater than 8 m, and 
total volume approaching 4000 m3, while Gassner (2017) also reported 
a bubble size with an estimated diameter of 35 m. While these large 
bubbles were formed in significantly larger (>30 ha) ponds, corre-
sponding to ρ up to 13,000 cm3/m2, these case histories serve to 
demonstrate the range of potential bubble sizes that were considered in 
the analysis. In field studies, wrinkles were found to cover up to 32% of 
the liner area with a height up to 15 cm (Chappel et al., 2012; Rentz 
et al., 2017; Rowe et al., 2012). The entrapped air volume can be esti-
mated by approximating the wrinkle section as an isosceles triangle, and 
therefore, the volume of air entrapped under a single wrinkle would be 
0.5 x wrinkle height x wrinkle width resulting in ρ up to 24,000 cm3/m2. 
However, wrinkles with a height less than 3 cm were not considered in 
these studies which would underestimate the volume of entrapped air. 
The values of ρ between 26,000 and 65,000 cm3/m2 considered in this 
work lead to initial volumes of entrapped gas between 3 and 650 m3 for 
the range of R values given in Table 1. The simulation resulted in bub-
bles with diameters as large as those reported by Thiel (2016a) and 
Gassner (2017). 

3. Finite-element analysis 

Three-dimensional, geometrically-nonlinear, finite-element analysis 
was conducted with the commercially available program ABAQUS 
(2017). The axisymmetric geometry and solution domain with polar 
coordinates r and z are shown in Fig. 1. The geomembrane, with 
thickness t, was modelled by 200 equally-spaced, quadratic 
shell-elements, which was shown to be numerically sufficient by pro-
gressively increasing the number of elements until the maximum 
calculated strain changed by no more than 0.5%. A zero radial and 
vertical displacement boundary was modelled around the perimeter of 
the geomembrane (ur = uz = 0 at r = R; Fig. 1) while zero radial 
displacement and zero angular rotation were imposed at its centre (ur =

0 and r = 0). The initial air volume vo was assumed to occupy a conical 
shaped zone beneath the otherwise initially flat geomembrane (Fig. 1a). 

The geometry of the mesh was then updated (i.e., geometrically 
nonlinear analysis) as the fluid pressure increased, pressing the geo-
membrane down until new contact with the subgrade was formed, as 
well as radially compressing the bubble, along with increasing height 
from the internal air pressure. External fluid pressures were modelled as 
hydrostatic (with unit weight of 9.8 kN/m3). Internal gas pressures were 
calculated as proportional to volume change of the airspace encapsu-
lated by the bubble using the ideal gas law:  

Pa vo = (P + Pa) v                                                                          [1] 

where: Pa is atmospheric pressure, vo is the initial volume of entrapped 
gas, and P is the new gauge pressure for deformed volume v. This 
approach assumes that no gas escapes into the underlying soil and as 
such may overestimate internal pressure effects for gas permeable un-
saturated subgrades. The interface between the geomembrane and the 
underlying rigid subgrade was modelled as frictional with angle of 
interface friction, δ, equal to 0, 10 or 20◦. Fluid depth was increased in 
steps no greater than 0.1 m. For each step, the deformed shape, internal 
and external pressure, and contact with the subgrade were iterated until 
equilibrated with internal geomembrane forces to convergence toler-
ance less than 0.5%. 

As a first approach, and as consistent with the more approximate 
methods of Guo et al. (2016) and Thiel (2016a), the geomembrane was 
modelled with stress linearly proportional to strain with elastic modulus 
E and Poisson’s ratio (taken equal to 0.46) and independent of tem-
perature. For time and temperature dependent materials, the rate at 
which the bubble develops and the duration that the bubble is sustained 
may be important and with a linear elastic model at best can be 
accounted for by appropriate selection of secant values of modulus at a 
given temperature. Although beyond the scope of this paper, additional 
work on time and temperature effects may be warranted. 

While selection of geomembrane stiffness (E × t, simply denoted 
herein as Et) should be selected based on the materials and conditions for 
any particular project, results are presented over a wide range of stiff-
nesses (150–1500 kN/m) intended to bracket most practical applica-
tions. For context only, typical low-strain (<4%) E values reported for 
common geomembrane materials measured in uniaxial tests at standard 
laboratory temperature reported by Koerner (2005) are 330, 76, 25, and 
330 MPa for HDPE, VLDPE, PVC, and reinforced CSPE, respectively. 
Giroud et al. (1993) indicated uniaxial secant E values for HDPE at 4% 
strain of 460, 340, and 300 MPa at temperatures of 0, 20, and 40 ◦C, 
respectively, which would be applicable to many pond applications both 
below and above the water. Both the Koerner (2005) and Giroud et al. 
(1993) HDPE data were for pre-1993 materials when slightly higher 
density HDPE geomembrane resins were being used. Based on more 
recent data reported for an HDPE geomembrane by Eldesouky and 
Brachman (2020) – see their work for the index properties and strain 
rates examined – a longer term modulus tended from 250 to 200 MPa at 
4% elongation (at 20◦). Additional recent data (e.g., Rarison et al., 2022; 
Zhang et al., 2023) provides additional guidance to estimate modulus 
values. 

Unfortunately, there is no data set of sufficient scale to indepen-
dently validate the model calculations. However, this type of 
geometrically-nonlinear finite-element analysis has been validated 
against measured values from wide-strip testing and, at a much smaller 
scale, for local indentations caused by gravel-sized probes by Eldesouky 
and Brachman (2020). Additionally, as previously noted and docu-
mented by Thiel et al. (2022), the finite-element analysis was able to 
reproduce the bubble shape and size calculated using the Thiel (2016a) 
method and that are consistent with the available field observations. 

4. Results and discussion 

4.1. Deformed shape and strain for a large bubble 

The development of a bubble in a low stiffness geomembrane with no 
interface friction (Et = 150 kN/m, δ = 0◦) and relatively large entrapped 
volume (vo = 650 m3) is shown in Fig. 2. Generally, the bubble had a 
Gaussian bell shape with the apex at r = 0, and the bubble height, h, 
remained above the fluid depth, H, during pond filling. The shape then 
sloped downward, reaching a point of inflection below water surface, 
reversing curvature until it reached the subgrade at the bottom edge of 
submerged bubble at r=D/2, where D is the bubble diameter (Fig. 1b). 
Initially, the geomembrane was relatively flat and as the water height 
increased from 0 to 1 m the bubble started to form, with a diameter of 
20.9 m and a height of 4.1 m, Fig. 2a. With further increases in water 

Table 1 
Initial bubble volume vo [m3] for pond region S × S and entrapped air volume 
per unit area.  

S [m] Entrapped air [cm3/m2] 

65,000 52,500 39,000 26,000 

100 650 525 390 260 
50 163 131 98 65 
20 26 21 16 10 
10 7 5 4 3  
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Fig. 2. Development of bubble deformed shape for a relatively flexible geomembrane. (Et = 150 kN/m3, δ = 0, vo = 650 m3, S = 100 m).  

Fig. 3. Development of bubble deformed shape for a relatively stiff geomembrane. (Et = 1500 kN/m3, δ = 0, vo = 650 m3, S = 100 m).  
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height to H=2, 3 and 5 m, the submerged geomembrane portion was 
radially compressed causing the bubble to decrease in diameter to D =
19.1, 18.2 and 16.9 m, respectively, and the central portion was dis-
placed upward and outward increasing the bubble height to h = 6.4, 7.3 
and 8.3 m, correspondingly, Fig. 2b–d. 

Large bubbles formed in a higher stiffness geomembrane (Et = 1500 
kN/m, δ = 0◦, vo = 650 m3; Fig. 3), for otherwise the same conditions 
were flatter, larger in diameter and shorter in height, than the low 
stiffness geomembrane. The initially flat geomembrane deformed into a 
bubble with diameter of 25.3 m and height of 2.6 m when the fluid depth 
increased to H = 1 m, Fig. 3a. With a similar trend to the low stiffness 
geomembrane, the diameter decreased to D = 21.4 and 22.1 m and 
height increased to h = 3.5 m and 3.9 m when the fluid depth increased 
to H = 2 and 3 m, respectively, Fig. 3b and c. However, when increased 
to H = 5 m, the fluid submerged the high stiffness geomembrane and 
both the diameter and height decreased to D = 21.1 and h = 3.8 m, 
Fig. 3d. Like the low stiffness geomembrane, the submerged portion of 
the high stiffness geomembrane deformed inward while the central 
portion deformed upward and outward, but to a lesser degree. However, 
the entire geomembrane deformed inward and downward once the 
bubble was entirely submerged. 

It was assumed that there was only gas inside the bubble. Any fluid 
within the bubble would presumably counteract some of the radial 
bubble compression from external fluid pressure. Neglecting these ef-
fects may overestimate bubble height for the more flexible and deeper 
pond cases considered, as radial compression effects are most prominent 
for the case in Fig. 2d and much less so for the case in Fig. 3d. 

The deformed shape not only provides the height and diameter of the 
bubble as fluid levels change, but it reveals how and where strain de-
velops in the geomembrane from bubble expansion. Strain mobilized in 
the geomembrane depends on both the radial and vertical components 
of displacements. While it is evident from the displacement vectors in 
Figs. 2 and 3 that vertical displacements are much greater than those in 

the radial direction, it is the rate of change of the radial displacements 
relative to radial position that dominate the resulting strains in the 
geomembrane (Eldesouky and Brachman, 2018). The distributions of 
radial displacements for the low and high stiffness cases are conse-
quently examined in Fig. 4. Changes in radial displacement ur along the 
bubble were more abrupt as the water height increased. For the low 
stiffness case at H = 1 m, radial displacement changed by 0.15 m over a 
distance of 2 m, while at H = 5 m, the rate of radial displacement change 
was increased 46 times as radial displacement changed by 2.8 m over a 
distance of 5 m (Fig. 4a). These displacement gradients are reflected in 
the calculated radial strain εr magnitude and distribution, Fig. 4b, where 
the maximum radial strain εmax increases from just under 10% to nearly 
40% as the fluid depth was increased from H=1–5 m. At most fluid 
depths, the maximum radial strain was calculated at the bubble 
perimeter and below the fluid level; however, for the largest fluid depth 
considered (H=5 m), the maximum radial strain was calculated at the 
centre (r = 0; Fig. 4b). Beyond the outer perimeter of the bubble, the 
radial displacements approach zero at r=R, and correspondingly, radial 
strain approaches zero. 

The high stiffness geomembrane reduced the calculated radial 
displacement by a factor of 5. For example, the maximum radial 
displacement calculated during at H = 5 m was 0.35 m for Et = 1500 kN/ 
m, compared to 2 m when Et = 150 kN/m, (Fig. 4c vs. 4a). Therefore, the 
rate of radial displacement is more gradual for the high than the low 
stiffness geomembrane, and hence, the strain is up to 86% smaller for 
the stiffer geomembrane. The maximum strain increased from 2% to just 
over 5% as H increased from 1 to 5 m (Fig. 4d), with the maximum 
occurring along the bubble perimeter. 

Maximum strains for the bubbles with the greatest value of entrap-
ped gas considered (vo = 650 m3) are plotted versus fluid depth and for a 
range of stiffness values in Fig. 5 along with bubble dimensions. For 
otherwise the same conditions, both bubble height and strain depend on 
geomembrane stiffness. For example, bubble height increases by a factor 

Fig. 4. Development of radial displacement (ur) and strain (εr) for relatively flexible (a, b) and stiff (c, d) geomembranes as fluid depth increases. (δ = 0, vo = 650 m3, 
S = 100 m). 
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of 1.4 and strain by a factor of 4 as stiffness decreases from 1500 to 150 
kN/m in a 2 m deep pond, and by greater amounts for deeper ponds 
(Fig. 5a and b). Strains are most sensitive to fluid depth for the lowest 
value of geomembrane stiffness examined (Et = 150 kN/m) and increase 
nearly linearly with H for depths up to 4 m (Fig. 5a), which up to this 
point, the bubbles are less than half-way submerged (Figs. 2 and 5b). For 
the stiffer geomembranes considered, strains also increase with H but 
reach a maximum value once the bubble is submerged by the fluid, 
where submergence is indicated by the h = H line in Fig. 5b. The bubble 
is submerged for H > 4 m when Et = 1500 kN/m and H ≈ 5 m for Et =
525 kN/m. After submergence, the bubble height then decreases and 
strains slightly decrease from incremental compression effects from the 
external fluid. 

As fluid depth increases, the net effects of the increase in bubble 
height and decrease in bubble diameter (Fig. 5b and c) are such that gas 
pressure within the bubble, P, increases (Fig. 5d) and its volume de-
creases (expressed as a negative volumetric strain in Fig. 5e). Gas 
pressures increase with increasing fluid depth and increasing geo-
membrane stiffness. The net pressure supported by the geomembrane (Pʹ 
= P – Pw) at r = 0 increases with fluid depth, and is the same as the air 
pressure P, until it reaches a value Pʹext when the bubble becomes 
completely submerged, Fig. 5f. 

As previously noted, the results in Figs. 2–4 were obtained assuming 
no interface friction between the geomembrane and the subgrade (δ =
0), but no significant effect was found for most practical cases when an 
interface friction angle of 20◦ was modelled, as shown in Fig. 5. An 
additional case of 10◦ was modelled but not shown in Fig. 5, as there was 
no discernible difference to the 20◦ results. Interface friction tends to 
decrease the inwards radial displacements of the geomembrane beside 
the bubble and in contact with the subgrade, which decrease the height, 
increase the diameter, increase the pressure, and increase the volumetric 
contraction. Interface friction had essentially no effect on strain for the 
intermediate and high stiffnesses examined (Fig. 5a). Even for the low 
stiffness case, there was no significant effect on strain for most practical 
cases. For example, for Et = 150 kN/m and at H = 3 m, the maximum 
strain was only 1.04 times greater with 20◦ interface friction relative to 
having none. It was only for the low stiffness geomembrane at pond 
depths greater than 4 m where the difference between 0 and 20◦ inter-
face friction became more apparent; however, such extreme cases may 
be more academic than practical. Nevertheless, given that interface 
friction could increase strain, the design aids presented later in the paper 
were all obtained for an interface friction angle of 20◦. 

Fig. 5. Parametric study of bubble parameters to geomembrane stiffness, interface friction, and fluid depth. a) Maximum strain, b) bubble height, c) bubble diameter, 
d) internal pressure, e) volume strain, and f) net pressure at bubble centre. (vo = 650 m3, S = 100 m). 
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4.2. Deformed shape and strain for a small bubble 

The deformed shape, strain and other bubble parameters are plotted 
for a relatively small volume of entrapped gas (vo = 3 m3) in Figs. 6 and 
7. The bubble shape still follows a Gaussian bell shape, but the maximum 
height does not exceed 0.5 m for all fluid depths considered (Fig. 6). 
Note the more than 10 fold difference in scale for strain in Fig. 7a 
relative to Fig. 5a. Strains still increase with decreases in geomembrane 
stiffness, but values do not exceed 2% for the low stiffness case, nor 0.3% 
for the high stiffness geomembrane (Fig. 7a). These small bubbles are 
completely submerged very early during the filling process, Fig. 7b, at h 
= 0.47 m for the low stiffness case and as little as h = 0.25 m for the high 
stiffness case. Bubble height and strain then decrease for fluid depths 
beyond submergence to the point that they would pose little risk of 
material failure for most typical cases. This all arises from the small 
initial volume of entrapped gas that generates only short, submerged 
bubbles, which can be obtained, in theory, by partitioning the base of a 
much larger pond to into S = 10 m regions (Table 1). 

4.3. Submerging bubbles 

In practice, increasing the fluid depth of the pond to submerge 
bubbles is one of techniques that pond operators are sometimes tempted 
to implement with the intention to shrink (or possibly even hide) the 
bubbles. The pond depth required to submerge a wrinkle, Hsub, and the 
overall maximum strain experienced by the geomembrane, herein 
denoted as extreme strain εext, depend on both the volume of entrapped 
gas (and hence bubble height) and geomembrane stiffness as quantified 
in Figs. 8 and 9. 

For large bubbles, vo = 650 to 260 m3, pond depths greater than 5 m 
would be required to submerge the bubble with a geomembrane stiffness 
Et = 150 kN/m, while depths of 5.0 to 3.8 m, 4.8 to 3.0 m and 3.9 to 2.5 
m would submerge bubbles with stiffnesses of Et = 300, 700 and 1500 
kN/m, respectively, Fig. 8. The submerging water depth significantly 
decreases as initial bubble size decreases. Bubbles with vo less than 250 
m3 were completely submerged at depths less than 5 m. The submerging 
water height decreased by about 50–60% for every 75% decrease in 
initial bubble volume. Small bubbles with vo less than 10 m3, were 
submerged at depths less than 1 m, even for the lowest stiffness exam-
ined. The results in Fig. 8 were obtained modelling zero interface fric-
tion between the geomembrane and subgrade, and were no more than 
10% smaller when 20◦ interface friction was considered. 

In some of the cases considered, mainly those for large bubbles with 
low geomembrane stiffness, complete submergence of the bubbles was 
not reached up to H = 5 m, and for these cases, the values of the extreme 
strain were plotted in Fig. 9 as the values for H=5 m. More than one 
order of magnitude reduction in extreme strain was calculated when the 
geomembrane stiffness increased from Et = 150–1500 kN/m (Fig. 9). 
Approximately two thirds of the extreme strain value reduction occurred 
as the geomembrane stiffness increased from Et = 150–525 kN/m. For 
example, for vo = 390 m3, the extreme strain was 37, 10 and 3% for 
stiffnesses of 150, 525 and 1500 kN/m, respectively (Fig. 9). Smaller 
bubbles also showed a significant reduction in calculated extreme strain 
as geomembrane stiffness increased, with about 50–80% of the reduc-
tion occurring as the geomembrane stiffness increased from 150 to 525 
kN/m. The calculated extreme strain was reduced by almost one-half for 
every 4 fold reduction in initial bubble volume. 

The results in Fig. 9 were also obtained modelling zero interface 
friction between the geomembrane and subgrade, but there was no 
practical difference in extreme strain (less than 4% difference) for 
stiffness values greater than 400 kN/m when 20◦ interface friction was 
considered. The increase in strain with 20◦ interface friction increased 
with increasing volume and decreasing stiffness and exceeded 20% for 
stiffnesses less than 200 kN/m. For such cases, the design aids presented 
in the following section would provide better estimates of strain. 

It should be noted that even if a bubble is successfully submerged 
without compromising the integrity of the geomembrane, there are still 
the corollary effects of lost pond capacity, endangerment of the geo-
membrane due to its physical protrusion above the pond bottom, po-
tential for increased leakage if there are any defects in the 
geomembrane, and invitation for ground water or leakage to fill the 
bubble from below and create a more complex problem. At the same 
time, the presence of a visible bubble in the pond should be a warning 
that significant consequences of geomembrane failure could occur if 
some precautions are not observed, namely, controlling the water height 
to a level that would hopefully avoid damaging strains from occurring in 
the geomembrane. Therefore, assessing the geomembrane strain in a 
developed bubble and the expected strain, when water height is 
changed, are key factors in bubble management decisions. 

5. Practical application 

5.1. Design and assessment aids 

The finite-element analysis was used to calculate and then tabulate 
the maximum geomembrane strain for a wide range of bubble, pond, 
and geomembrane parameters with the intent of providing practitioners 
with a straightforward means of estimating strain during design or 
assessing strain during operation. They are shown in Fig. 10 for one 
particular value of geomembrane stiffness (375 kN/m) and are available 
as Supplemental Material (Fig. A1) for the entire range of stiffnesses 
considered (150–1500 kN/m). The initial gas volume (vo) and fluid 
depth (H) are the input variables for each value of geomembrane stiff-
ness and the output is presented in one of two forms. The first (Fig. 10a, 
b and c), relate bubble volume to the initial volume and depth, while the 
second, relate maximum geomembrane strain to initial volume and 
depth (Fig. 10d, e, and f). Values are provided for different sizes of 
bubbles, with vo ranging from 3 to 650 m3. All charts were obtained from 
models with an interface friction angle of 20◦. 

In a design situation, strain can be obtained for an anticipated range 
of initial gas volumes and candidate geomembrane based on its stiffness 
from the plots like Fig. 10d, e, and f. In an assessment situation, where 
bubble diameter D and height h can be measured by surveying, the 
current bubble volume v can be estimated by assuming the bubble fol-
lows a Gaussian bell shape via: 

v ≈ 2 π h λ2 [2] 

Fig. 6. Development of bubble deformed shape for a relatively flexible geo-
membrane and a small volume of entrapped air. (Et = 150 kN/m3, δ = 0, vo = 3 
m3, S = 10 m). 
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where: λ is a dimensionless parameter approximately equal to 0.21 to 
0.23 times D for the Gaussian shaped bubble. Since initial volume is the 
input parameter required to obtained strain, the corresponding theo-
retical ‘initial’ bubble volume, vo, can be obtained from the v vs. H plots 
like Fig. 10a, b and c for Et = 375 kN/m. Similar plots for the entire range 
of stiffnesses considered (150–1500 kN/m) are available as Supple-
mental Material (Fig. A2). Knowing now vo and H, geomembrane strain 
can be obtained from the plots like Fig. 10d, e, and f. 

Once a bubble is developed in a geomembrane liner, in addition to 
strain, the net air pressure in the bubble may also be of interest as it 
could influence design or operational measures for mitigation. For 
example, Thiel (2016b) describes measures for using pond bottom slope, 
venting strips, and physical pushing of bubbles to the pond perimeter 
where they can be vented through crest vents, all of which are affected 
by the bubble pressure. Plots of air pressure P vs. H were also tabulated 
and are available as part of the Supplemental Material (Fig. A3). 

5.2. Example 1: Evaluation of an existing bubble 

If a water pond lined with an HDPE geomembrane for which values 
of t = 1.5 mm and E = 250 MPa have been deemed as appropriate, giving 

Fig. 7. Parametric study of bubble parameters to geomembrane stiffness, interface friction, and fluid depth for a small volume of entrapped air. a) Maximum strain, 
b) bubble height, c) bubble diameter, d) internal pressure, e) volume strain, and f) net pressure at bubble centre. (vo = 3 m3, S = 10 m). 

Fig. 8. Fluid depth for bubble submergence. (δ = 0).  
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Et = 375 kN/m, is observed to exhibit an air bubble with a diameter D =
23.1 m and height h = 3.2 m, in H = 0.6 m deep water, the maximum 
strain εmax in the bubble can be assessed using the design aid charts in 
three steps. First, using Eq. (2) and taking λ = 0.22, the bubble volume v 
can be calculated to be 519 m3. Second, the initial air volume can be 
estimated by plotting a point on Fig. 10a (Et = 375 kN/m) for H = 0.6 m 
for v = 519 m3 which yields vo ≈ 525 m3. (Note that interpolation can be 
used for intermediate values of vo.) Last using Fig. 10d, a maximum 
strain εmax of 3% is read from the graph using the curve for vo = 525 m3 

and H = 0.6 m. Similarly, air pressure can be obtained from Fig. A3 in 
the supplemental materials for Et = 375 kN/m to be < 2 kPa. 

5.3. Example 2: Developing an operation chart for a particular 
geomembrane 

Once air has been entrapped under the pond liner before filling, or a 
gas bubble has developed in the liner after filling, it is important to 
assess the safe water height to which the pond can be operated under 
without exceeding the geomembrane allowable strain. The design aid 
charts can be used to develop an operation chart for any geomembrane 
with known stiffness Et and allowable strain to help determine such 
water height. The steps to develop an operation chart for a geo-
membrane with Et of 375 kN/m and allowable strain of 4% are:  

1. Using the εmax vs. H charts (Fig. 10d, e, and f for Et = 375 kN/m) and 
for each value of vo, the water heights that gives a strain of 4% are 
identified and tabulated in Table 2. 

2. Next, using the same εmax vs. H charts, the water heights and cor-
responding strains to reach complete bubble submersion are ob-
tained for each value of vo. Complete submersion occurs at the water 

height where the overall maximum strain is attained, denoted as Hsub 
and εext, respectively. These points are plotted as Hsub vs. εext in 
Fig. 11a and Hsub vs. vo in Fig. 11b.  

3. From the relationships in Fig. 11, it can be interpolated that when 
strain is equal to 4%, Hsub = 1.4 m and vo = 42 m3. This means that 
for vo ≤ 42 m3, the bubble will be completely submerged before 
reaching the allowable strain and can experience fluid depths greater 
than 1.4 m without reaching 4% strain. This value is included in 
Table 2.  

4. Last, since all parameters at this point are referenced to vo, the 
relationship to current bubble volume is obtained from the v vs. H 
charts (Fig. 10a, b, and c) as summarized in the last column of 
Table 2. 

The resulting operation chart in Fig. 12 is the graphical form of the 
data assembled in Table 2. The chart shows the relationship between the 
water height versus either initial entrapped air volume vo, Fig. 12a, or 
current bubble volume v, Fig. 12b, that would result in a geomembrane 
strain of 4%. This line divides the graph into zones where strain would 
be less than 4% and where strain would exceed 4%, which would pro-
vide a quick check of the pond status before filling, or an existing bubble 
status after filling. 

Before filling, the status of the pond can be checked by estimating the 
initial bubble volume, or entrapped air volume, from wrinkle size, 
tributary area, and the operating water height. In this example, a pond 
with an initial entrapped air less than 42 m3 can be filled safely to any 
fluid depth, Fig. 12a. Also in this example, it will be unacceptable (in 
terms of exceeding the geomembrane strain limit) to operate the pond 
with initial entrapped air vo of 100 m3 under a water height greater than 
1 m, Fig. 12a. 

After a bubble develops, the bubble can be checked quickly by the 
pond operator by determining the current bubble volume and water 
height and plotting them on the operation chart, Fig. 12b. For example, 
for the 519 m3 bubble from Example 1 to acceptable, it can be plotted on 
the operation chart, Fig. 12b, which indicates that the water height can 
only be increased to 0.85 m before the strain in the bubble exceeds the 
here in this example the allowable limit of 4% strain. 

5.4. Strain directly from deformed shape 

In the proposed method, strain can be obtained from measured 
bubble height and diameter without any simplifying assumptions of 
strain distribution or displacement trajectory. 

The extent to which strain can be calculated solely from the 
deformed shape of the bubble measured in the field (e.g., using simple to 
more elaborate surveying techniques) is examined. Any such calculation 
would require an assumption of deformation trajectory for each point. 
The prominence of radial displacement to geomembrane bubble strains 
– and corollary, the error introduced if strain is calculated based only on 
vertical displacement, can be examined by calculating strain just from 
the deformed bubble shape and by assuming that any point on the 
geomembrane surface reached its deformed position by deflecting only 
in the vertical direction (i.e. zero radial displacement). As noted by 
Eldesouky and Brachman (2018), this approach has been used when 
calculating local geomembrane strain from gravel indentations. The 
deformed surface is divided into segments, separated by distance Δr in 
the radial direction. The difference in vertical elevation along the 
segment is Δz. The elongation strain of segment i assuming only vertical 
displacement, εi, is then equal to: 

εi =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Δr2

i + Δz2
i

√
− Δri

Δri
[3] 

Calculations of strain assuming zero radial displacements at r =
0 and the overall maximum value of from all of the segments are 
compared with the three-dimensional finite-element analysis in Table 3. 

Fig. 9. Overall greatest value of strain developed during pond filling. Value 
attained at point of submergence for submerged bubbles. (H ≤ 5 m, δ = 0). 
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As demonstrated by Eldesouky and Brachman (2018) for gravel in-
dentations, neglecting radial displacements here for the bubble shapes 
in Fig. 2 significantly underestimates the strain at the bubble centre by 
calculating very little (<0.7%) to no strain. The error increases as bubble 
stiffness decreases and fluid depth increases. 

The overall maximum strain calculated assuming zero radial dis-
placements is actually greater than the value from the finite-element 
analysis. For H ≤ 3 m, strains are overestimated by around 10 fold for 
the low geomembrane stiffness and 5 fold for the high stiffness case, 
which is most likely overly conservative and may lead to remedial action 
when it is not necessarily needed. For example, one may deem the 
strains to be acceptable for the Et = 1500 kN/m, H = 2 m case based on 
the finite-element analysis, while the value in excess of 15% strain 
calculated assuming zero radial displacement would probably warrant 
action for most geomembrane materials. Using Eq. (3) simply provided 
unreliable results for the lowest stiffness, deepest pond case considered. 
The results from the finite-element analysis are therefore recommended 
for assessing strain in geomembrane bubbles. 

Fig. 10. Charts to obtain: a, b and c) initial volume from existing volume and fluid depth, and d, e and f) maximum strain from initial volume and fluid depth. (Et =
375 kN/m, δ = 20◦). 

Table 2 
Allowable water height for geomembrane with Et = 375 kN/m and ε = 4%.  

Initial bubble volume 
vo [m3] 

Fluid depth to develop ε = 4%a 

Hall [m] 
Bubble volume v at 
Hall

b [m3] 

650 0.82 620 
525 0.84 514 
390 0.86 380 
260 0.88 255 
164 0.92 159 
131 0.94 127 
98 0.98 95 
65 1.06 62 
42c 1.40 38 
≤26d Submerged -  

a Using Fig. 10d, e, and f. 
b Using Fig. 10a, b, and c. 
c Interpolated from Fig. 11. 
d Bubble is submerged before reaching ε = 4%. 
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5.5. Discussion on allowable strain 

This work focusses on the strain demand developed in the geo-
membrane. Although beyond the scope of this work, the geomembrane 
resistance in terms of an allowable strain is also important. The allow-
able strain may be expected to depend on the type of geomembrane, 
temperature, the presence of any stress/strain concentrations such as 
welds or scratches (e.g., Gao et al., 2022), the duration of the high stress 
bubble situation, amplitude and frequency of cyclic stress (such as 
caused by wind and waves), and any environmental or physical ageing 
and degradation of the geomembrane (e.g., Rowe and Ewais, 2015). 
Although allowable strains have been suggested for some materials (e.g., 
Giroud et al., 1993; Peggs et al., 2005; Koerner, 2005), the selection of 
an appropriate allowable value for geomembrane bubbles is 
context-specific and requires considerable engineering judgement. More 
research on this subject is needed. 

6. Conclusions 

Geomembrane strains that develop from gas-filled bubbles beneath 
pond liners were numerically modelled using three-dimensional, 
geometrically-nonlinear, finite-element analysis. The geomembrane 

Fig. 11. a) Fluid depth and strain at bubble submergence. b) Fluid depth at submergence vs. initial volume of entrapped air. (Et = 375 kN/m, δ = 20◦).  

Fig. 12. Operation charts giving fluid depth that would result in a geomembrane strain of 4% as a function of: a) initial entrapped air volume vo, or b) current bubble 
volume v. (Et = 375 kN/m, δ = 20◦). 

Table 3 
Comparison of strain (%) from three-dimensional finite-element analysis (3D 
FEA) with analysis of deformed shape assuming zero radial displacement (ur =

0).  

Quantity Et H Method 

[kN/m] [m] 3D FEA Assuming ur = 0 

Strain at r = 0 150 1 5 0  
2 10 0  
3 17 0  
5 39 <0.1 

1500 1 1 <0.1  

2 3 0.2  
3 4 0.4  
5 5 0.7 

Maximum strain 150 1 7 60  
2 15 150  
3 23 300  
5 39 >>300 

1500 1 2 10  

2 4 17  
3 5 20  
5 5 19  
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was simulated as a linear elastic material entrapping an initial volume of 
gas above a gas impermeable subgrade. Geomembrane deformations 
and strains were calculated as fluid depth in the pond increased. For the 
range of geomembrane stiffness, fluid depth, and volume of entrapped 
gas considered, the following can be concluded:  

1) Large bubbles developed greater strains than small bubbles; stiffer 
geomembranes resulted in shorter bubbles with significantly smaller 
strains than more flexible ones.  

2) Bubble height, maximum strain, and gas pressure all increased as 
fluid depth increased to the point of bubble submergence, while the 
bubble diameter and volume decreased.  

3) Increasing fluid depth beyond submergence produced incremental 
decreases in height, diameter, volume and strain, while the gas 
pressure beneath the bubble increased.  

4) The fluid depth at submergence increased with a greater volume of 
entrapped gas or a decrease in geomembrane stiffness.  

5) Bubbles with entrapped air volumes less than an identified critical 
initial volume can be filled with any water height safely. Reducing 
the entrapped air volume with design and operational techniques is 
key to managing and, or mitigating bubbles.  

6) Calculating strain solely from the deformed shape and assuming zero 
radial displacement is most likely overly conservative (over pre-
dicting strain by a factor between 5 and 10 relative to the finite- 
element analysis), and demonstrates the need to consider both ver-
tical and radial displacements as captured by the finite-element 
analysis. 

Strain in existing bubbles can be practically obtained from charts 
developed from the analysis, like those for one particular value of geo-
membrane stiffness in Fig. 10 or those for the complete range of stiff-
nesses examined in the Supplemental Material. Also, operation charts 
for any geomembrane liner can be developed using the charts and can be 
a useful tool in pond operation or assessment. 
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Glossary 

D: bubble diameter 
E: geomembrane modulus 
Et: geomembrane stiffness 
H: fluid depth 
Hsub: fluid depth required for bubble submergence 
h, ho: bubble height, initial bubble height 
P, Pw: air pressure, water pressure 
Pʹ, Pʹext: net pressure, extreme net pressure 
R: initial radius of geomembrane = S/2 

r, z: polar coordinates in r-z space 
S: dimension of pond region contributing to bubble formation 
t: geomembrane thickness 
ur: displacement in radial r direction 
v, vo: bubble volume, initial bubble volume 
δ: interface friction angle between geomembrane and subgrade 
εr: radial strain in geomembrane 
εmax: maximum strain in geomembrane 
εext: extreme strain in geomembrane during filling process 
λ: Gaussian bell shape standard deviation 
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