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Abstract

The existing crack layer model can theoretically predict the slow crack growth behavior of high-
density polyethylene. However, it can only be applied to oxidative environments causing chemical 
degradation. Most oil and gas field components, such as pressurized pipes, are subjected to 
hydrocarbon exposures, leading to a plasticized material response, i.e., shear yielding instead of 
crazing. Therefore, the effect of such sorptive media diffusion on the slow crack growth behavior and 
lifespans 𝑡𝑓 should be understood. In this work and for the first time, a novel crack layer model is 
developed that can simulate the diffusion-assisted slow crack growth behavior of plasticized high-
density polyethylene. The proposed model was validated by comparing its prediction with 
experimental results and by conducting a sensitivity study on several input parameters. Using the 
proposed model, the reported plasticization results were reconstructed successfully including the SCG 
rate with 𝑅2 = 0.95. This study expands the applicability of the crack layer model for the reliability 
assessment of polyethylene pipes under various environmental conditions, including plasticizers.

Keywords: Crack layer theory; Slow crack growth; High density polyethylene; Diffusion; 
Plasticization; Lifetime prediction.
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Nomenclature

   Acronyms

AZ Active zone

BBT Bell telephone tests

CF Configurational force

CL Crack layer

CRB Cracked round bar

COD Crack opening displacement

DB Dugdale–Barenblatt

ERR Energy release rate

FEA Finite element analysis

FNCT Full-notch creep tests

HDPE High density polyethylene

LEFM Linear elastic fracture mechanics

LHC Liquid hydrocarbons

NCTL Notched constant tensile load

SCG Slow crack growth

SIF Stress intensity factor

SFE Specific fracture energy

SSY Small-scale yielding

TIP Thermodynamics of irreversible processes

PZ Process zone

WZ Wake zone

WCTSE Weight function complex Taylor series expansion

List of Symbols

𝐾 Stress Intensity Factor

𝐾𝐼𝑐 Mode I critical stress intensity factor

𝑘𝐶𝑅,𝑘𝑃𝑍 Crack and process zone kinetic coefficients
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𝑙𝐶𝑅,𝑙𝑃𝑍 Crack length and process zone length

𝐿 Crack layer length

𝐺𝑡𝑜𝑡 Total Gibbs potential energy

𝐺𝑆𝐼𝐹,𝐺𝐶𝑂𝐷 Green function for stress intensity factor and crack opening displacement

𝑡𝑓 Time to failure

σ𝑑𝑟 Drawing stress

σ𝑏 Boundary traction stress

𝛿𝑡𝑜𝑡 Crack opening displacement

𝜆 Natural drawing ratio

𝑎 Crack length of elastic body

𝐴, 𝑚, 𝑛 Material parameters

𝑊 Crack line width

𝑋𝐶𝑅,𝑋𝑃𝑍 Crack and process zone corresponding driving forces

𝑙𝐶𝑅 Length of the Crack

𝐽𝐶𝑅
1 , 𝐽𝑃𝑍

1 The Energy release rate for the crack and process zone

𝑅𝐼 Volumetric quantity of transformed material to PZ

𝐸′ The elastic modulus

2𝛾 Specific fracture energy

2𝛾0 Initial specific fracture energy of fresh material

𝛾 
𝑡𝑟 Transformation energy per unit volume

𝛽𝑛 Coefficients for Green’s function for stress intensity factor

𝜇𝑖 Coefficients for correction factor
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1. Introduction

High-density polyethylene (HDPE) pipes are widely used in key industrial applications such as nuclear 
and oil and gas networks [1-4]. This mandates an appropriate lifetime assessment given the material 
viscoelastic-viscoplastic behavior, and unique crack and plastic zone interplay [5-10]. In practical 
oilfield applications, the HDPE pipes can be exposed to a variety of liquid hydrocarbons. 
Hydrocarbons occur naturally and constitute the foundational elements of crude oil, natural gas, coal, 
and various other essential energy resources. Such hydrocarbons, with their non-polar aromatic and 
aliphatic molecular structure, can diffuse into the material by sorption affecting the material’s yield 
and slow crack growth (SCG) behavior via plasticization, i.e., drop in modulus and yield strength [11-
14]. HDPE can primarily exhibit three modes of failures, depending on the stress, temperature, and 
media exposed, namely large-scale yielding (region I), SCG (region II), and large-scale molecular 
degradation (region III) [15-17]. However, the underlying micro-deformation mechanisms, within the 
process zone (PZ), can change in plasticized HDPE from crazing and fibril breakdown to shear 
yielding with continuum flow [7].

Schoeffl et al. [18] through tests on cracked round bar (CRB) specimens in 90/10 wt% i-
octane/toluene revealed that shear yielding takes place at the crack-tip, unlike their propagation in 
water or air by fibril crazing. In addition, the physical crack-tip was found to appear significantly 
blunted. A voluminous irreversible deformation zone, due to hydrocarbons diffusion, can develop 
ahead of the crack tip driven primarily by shear band formation, unlike the wedge-like PZ in air, as 
shown in Fig. 1(a). The deformation mechanism in this region shifts from local crack-tip crazing to 
large-scale yielding that fails by cyclic yielding and advances via tearing. Schilling et al. [19, 20] 
through bell telephone tests (BTT) in diesel and biodiesel observed similar blunting and swelling 
effects during the crack initiation. In addition, full-notch creep tests (FNCT) showed further SCG 
acceleration, as outlined in Fig. 1(b), and more uniform roughness distribution induced by the 
enhanced chain mobility from such sorptive liquids. Wee et al. [21] through studying notched constant 
tensile load (NCTL) tests, also reported remarkable plasticization and lifetime differences in 
polypropylene induced from the contact with sorptive oils, i.e., diffused agents.

Multiple methods, since the 1950s, have been developed to estimate the lifetime of HDPE under 
gaseous hydrocarbon media. Yet, no protocol does exist presently that accounts for the SCG under 
liquid hydrocarbon environments [22]. Instead, such protocols do consider the exposure to gas 
condensate through a nominal reduction of mechanical strength [23, 24]. In light of the latter and given 
the changes in the PZ deformation mechanism in contact with plasticizers, as outlined in Fig. 2, 
capturing the physical aspect of fracture and the SCG process is fundamental for accurate lifetime 
predictions. SCG is a well reproducible process, unlike the poorly documented crack initiation which 
consequently facilitates lifetime modeling. Many of the empirical equations for SCG, e.g., Paris-
Erdogan equation (power law), and the prevailing approaches are only applicable to a limited range of 
conditions and can’t characterize more general crack growth scenarios [25]. Thuy et al. [26], for 
example, acknowledging such limitations used the Paris-Erdogan equation for modeling the 
plasticization induced SCG of HDPE in solvent-based liquids. This, nevertheless, remains limited to 
linear elastic fracture mechanics (LEFM) conditions under small-scale yielding (SSY) and fails to 
capture broader scenarios and the SCG process. Kamaludin et al. [27], proposed a method using the 
energy release 𝐺 and crack growth rates under LEFM and SSY conditions for PE materials immersed 
in Igepal solution. Although the approach takes into account the blunting of the crack tip, the use of 𝐺 
is only relaxation-controlled, quantified by the modulus change, the physics of plasticization is not 
incorporated. Alavi et al. [28], suggested an extended finite element method (XFEM) nonlinear 
framework to model the SCG of PE materials, using the cohesive zone model (CZM) [29, 30]. 
Meanwhile, Wang et al. [31], considered a viscous crack growth through demonstrating the role of the 
cohesive strength in viscoelastic materials. Although the deformation potentials for the PZ and CZ are 
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expressed similarly, their meanings are not the same. The CZM reflects the external forces acting upon 
the matrix boundaries [32], whereas the PZ represents the material filling the space in between those 
boundaries. Overall, the properties of the cohesive elements are calibrated by actual experimental data, 
and in general it is difficult to transfer such properties to other geometries.

The crack layer (CL) theory proposed by Chudnovsky [33] offers an effective framework that can 
reproduce such complex SCG modes in HDPE, e.g., continuous and discontinuous, their transition 
and any environmental degradation, if present, such as oxidation or plasticization. In the CL theory, 
the crack and the PZ are treated as a coupled system [34]. This way, the physical interaction amongst 
the two can be captured. Using thermodynamics of irreversible processes (TIP) [35], the 
configurational forces responsible for the crack and PZ growth can be determined which accounts for 
the energy dissipation needed for the generation of micro-damages [36-38]. Consequently, the various 
SCG kinetics of HDPE can be reproduced using the CL theory including their transitions [39, 40]. The 
CL simulation not only provides the HDPE component lifetime or SCG rate, but also produces the 
complete crack and PZ damage growth process. This gives the theory another advantage for industrial 
settings over the conventional empirical models.

Despite the various applications present for the CL theory [34, 41], its deployment to a wider 
range of environmental conditions is still lacking. The existing CL model has only been applied to 
oxidative environments, e.g., chlorine-based disinfected water, based on changes in the molecular 
weight from chains scission [42]. In oilfield applications, the majority of the pressurized HDPE pipes 
suffer from the exposure to hydrocarbons which can act as a strong plasticizer, and consequently 
deteriorate the pipe durability. A diffusion-assisted SCG model based on the CL theory is hence 
needed for the lifetime prediction of plasticized HDPE in contact with such sorptive liquids. Therefore, 
the objective of this work is fourfold: (i) to develop a fundamental model using the CL theory for 
plasticized HDPE, (ii) to explain the associated physical mechanisms of plasticized HDPE within the 
PZ during the diffusion-assisted SCG process, (iii) to investigate the influence of temperature and 
plasticizer content on the lifetime variation of HDPE, and (iv) to compare the proposed model 
simulations with experimental diffusion-assisted SCG plasticized results from HDPE. Overall, this 
study aims to expand the applicability of the CL model for a reliable assessment of HDPE pipes’ 
integrity and remaining life predictions in oilfields.
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Fig. 1. An illustrative schematic comparing the behavior of HDPE in liquid hydrocarbons to water in a 
crack round bar (CRB) test, including the process zone (PZ) mechanism changes. (a) The PZ underlying 
deformation mechanism undergoes a transition from crack-tip crazing at a sharp crack to cyclic shear 
yielding within a blunt crack. This is also manifested by an acceleration of SCG failure time 𝑡𝑓. (b) A 
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fatigue crack growth schematic comparing the kinetics between the various PE grades, PE 100 and PE 
100 RC, in water and liquid hydrocarbons, including the stable crack growth stage (region II) [18]. 

2. Modification of the CL model to consider plasticization 

The advances in materials science pose a significant challenge to the continuum damage mechanics 
(CDM) approach [43] in modeling the SCG process [44]. The main obstacle, obviously, lies within the 
hierarchy of interacting defects around the crack and adjacent PZ. One can neglect the microstructural 
details, for a thermodynamic treatment, which can be tackled through micromechanics [45-48]. The 
main objective of such treatment is to separately address the micromechanics for many of the equations 
parameters and derive a constative equation of the CL growth.

Despite many of the differences in morphology and molecular structure, under similar loading 
conditions, the observations for HDPE show that global evolution of microdefects array around the 
crack have several similar features. Overall, fracture including SCG are typically irreversible processes 
[49]. For that and in order to model the phenomenon, the framework of TIP can be employed.  CL 
system would comprise of a crack and its adjacent damage. The CL propagation has been formulated 
on the basis of TIP including energy balance. It should be noted, however, that in the majority of 
structural applications, fatigue cracks of relevance are often small for a significant fraction of the 
structural life. The growth rates of such cracks with the standard procedures, e.g., ASTM E647 [50], 
are usually of little use in assessing the operational life of HDPE pipes. This emphasizes the need for 
large fracture mechanics geometries and in establishing a correlation between a specimen test data and 
the actual SCG behavior of an HDPE pipe geometry. Next, the thermodynamic considerations of the 
CL growth will be discussed.

2.1  Thermodynamic considerations of CL growth

To describe the CL growth thermodynamically, a list of state parameters needs to be introduced 
through introducing a damage parameter, following the energy equivalence principle that is recently 
used for polymers [51-54]. The entropy production [55] will need to be derived in order to deduce 
‘thermodynamic causes’ of damage. This leads to the formulation of local energy balance, as follows:

𝑢 = 𝜎:𝜀 ― ∇ ∙ 𝑗𝑄                                                                                                                        (1)

where 𝑢 is the rate of internal energy density, 𝜀 is a strain rate tensor, the product 𝜎:𝜀 represents the 
rate of work density, ∇ ∙ 𝑗𝑄 gives the rate of internal energy density due to heat transfer, (𝑗𝑄 stands for 
heat flux). The total strain tensor, considering small deformations, can be decomposed into perfectly 
elastic 𝜀(𝑒) (thermodynamically reversible) and nonelastic 𝜀(𝑖) (irreversible) parts, i .e.,

𝜀 = 𝜀(𝑒) + 𝜀(𝑖)                                                                                                                              (2)

Part of the work done on nonelastic deformation is converted into heat. However, the other part is 
spent on damage nucleation and growth. The irreversible work related to damage growth and 
nucleation can be expressed as α𝜎:𝜀 

(𝑖)
, whereas (1 ― 𝛼)𝜎:𝜀 

(𝑖)
 is converted into heat. Herein α is a 

phenomenological coefficient. Considering the left part of Eq. (1), the internal energy density 𝑢 
conventionally comprises of the entropic part 𝑇𝑠 and Helmholtz free energy density 𝑓.  This leads to 
𝑢 being expressed as follow:

 𝑢 = 𝑓 +𝑇𝑠 +𝑠𝑇                                                                                                                        (3)
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The time rate of the entropy density 𝑠 can be split into two terms: 𝑠 = 𝑠𝑖 + 𝑠𝑒, following the basic 
fundamentals of TIP, where 𝑠𝑖 is the entropy production associated with the irreversible processes, and 
𝑠𝑒 stands for the entropy density rate related to the quasi-equilibrium exchanges with the surrounding 
by heat and other forms of energy. Hence, the equilibrium entropy rate 𝑠𝑒 can be introduced in the 
following form:

𝑠𝑒 = ― ∇ ∙
1
𝑇 𝑗𝑄 +  (1 ― 𝛼)𝜎:𝜀 

(𝑖)
+ ΔS ∙ 𝜌                                                                                 (4)

where the first term is entropy rate driven by the entropy flux 𝑗𝑠 = 1
𝑇𝑗𝑄, the second term reflects the 

rise of entropy from the irreversible work 𝜎:𝜀 
(𝑖)

 heat generation, and the third term represents the 
entropy changes rate induced by localized transformation of the thermodynamic state such as crazing, 
shear banding, etc. Δ𝑆{𝜎, 𝑇, 𝑂} reflects the entropy difference between the undamaged and damaged 
material. Whereas 𝜌 reflects the rate of damage density. The absolute temperature and the stress tensor 
constitute the conventional part from the list of parameters of state. Therefore, it is suitable to employ 
Gibbs free energy density 𝑔. Where 𝑔 is the difference between Helmholtz free energy density 𝑓 and 
the work done on elastic deformation density 𝜎:𝜀 

(𝑒)
. Consequently, this leads to the following 

expression:

𝑔 = 𝑓 ― 𝜎:𝜀 
(𝑒)

― 𝜎:𝜀(𝑒) → 𝑔 + 𝜎:𝜀(𝑒) = 𝑓 ― 𝜎:𝜀 
(𝑒)

                                                           (5)

Substituting 2, 3 and 4 into 1 and solving the energy balance equation with respect to the energy 
production rate 𝑠𝑖, and considering 5, the following can be deduced:

𝑇𝑠𝑖 = α𝜎:𝜀 
(𝑖)

― 𝑔 ― 𝜎:𝜀(𝑒) ― 𝑠𝑇 ― Δ𝑆 ∙ 𝜌 ―
1
𝑇 𝑗𝑄∇𝑇                                                                (6)

In the TIP that describe the effect of the mechanical stresses on the rate of chemical reactions as 
well as on the diffusion process, it all starts from the general expression of the entropy production rate 
as a bi-linear form of the thermodynamic fluxes and corresponding thermodynamic forces. The most 
important issue is the so-called cross effects. The fluxes are the rate of an irreversible strain, such as a 
creep strain or plasticity, as well as the vector of the diffusion, i.e., mass transfer with the corresponding 
force, which is the gradient of the concentration of the diffusing substance. It was the Onsager 
proposition that the thermodynamic forces affect the corresponding fluxes as well as all other fluxes. 
This allows us to specify the Onsager relations between the fluxes and forces. It would be possible to 
show how the stress within the PZ may lead to crazing and diffusion. Now, the generalized damage 
parameter 𝑃 of the CL system can be introduced [56]. Eventually, the following expression for the 
entropy production would be obtained, by decomposing 𝑔 into elastic potential energy density Π and 
the Gibb’s free energy densities of damaged and undamaged material Δ𝑔, 

𝑇𝑠𝑖 =  α𝜎:𝜀 
(𝑖)

― ∂(ℎ Π)
∂𝑃 𝑃 ― 1

𝑇𝑗𝑄∇𝑇 + 𝜁 ∙ 𝐴𝑓 + 𝑗𝑚∇𝐶 + 𝑗𝑚∇𝑃 + 𝑗𝑚∇𝐶                                (7)          

where the fourth term 𝜁 stands for the chemical flux; 𝐴𝑓 is the reciprocal thermodynamic force, i.e., 
the chemical affinity. Chemical flux 𝜁 plays an important role in the SCG phenomenon in a chemically 
aggressive environment, within a field of mechano-chemistry. The fifth, sixth and seventh terms play 
a role in filtration and diffusion processes where ∇𝐶 and ∇𝑃 represents concentration and pressure 
gradient (thermodynamic driving forces). Mass flux in filtration and diffusion is represented by 𝑗𝑚.

(b)(a)
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Fig. 2. (a) A schematic illustration of the chain of events PE 100 undergoes during the SCG in (a) 
water and (b) in liquid hydrocarbons under cyclic loading. Strong plasticization with a blunted crack 
tip can be observed in hydrocarbon medium. This leads to less strain localization via shear yielding 
and ultimately to a crack propagation through tearing [18]. 

For simplicity, a situation where both concentration and pressure gradients, ∇𝐶 and ∇𝑃, are zero 
for the time being can be assumed, i.e., considering a pre-saturated material state and a plasticized 
HDPE behavior. In order to concentrate attention on the damage process 𝑃, we assume an isothermal 
condition and homogeneity of temperature field (∇𝑇 = 0). Under these conditions the entropy 
production Eq. (7) reduces to two terms, the first term is directly associated with damage and therefore 
is nonzero only within a region where 𝑃 ≠ 0. The second term represents the entropy production due 
to damage growth 𝑃 directly. Then, the rate of global dissipation function 𝛹 with the irreversible 
damage evolution process under isothermal condition can be expressed as:

 𝛹 = 𝑇𝑆𝑖 = 𝐷 ―
∂(𝛱 + 𝐻)

∂𝑃 𝑃                                                                                                       (8)

where the 𝑇 is the temperature in kelvin, 𝑆𝑖 is the entropy production rate, and 𝐷 the rate of irreversible 
work related to damage growth and nucleation. 𝛱 and 𝐻 reflects the present system potential energy 
and enthalpy, respectively. 

2.2  Thermodynamic forces for CL growth in CRB specimen

An axisymmetric solid with a circumferential main crack, representing a CRB specimen, is 
considered here, which was constructed by Wee et al. in [38]. Fig. 3(a) and 3(b) illustrate the general 
CL configuration with a CRB specimen. The CL system consists of the main crack and the surrounding 
PZ. Within the PZ, two regions including the wake zone (WZ) and the active zone (AZ) can be divided. 
The time rate of continuous density 𝜌 generated by shear yielding is zero in the WZ due to the traction-
free nature on the crack face, and positive in the AZ. The CL configurational lengths are illustrated 
including the CL length 𝐿, the main crack length 𝑙𝐶𝑅, and the CL width 𝑤. The AZ and the WZ are 
separated by a boundary called the trailing edge 𝛤𝑡, as outlined in Fig. 3(c). Meanwhile, the leading 
edge 𝛤𝑙 reflects the AZ front edge, which represents the migration from the solid to the dotted 
boundary. 𝛿𝜉𝑃𝑍

𝑖 stands for the migration vector along 𝛤𝑙. The local coordinates in Fig. 3(c) are 
represented by the subscript 𝑖. The migration vectors on crack front edge 𝛤𝐶𝑅, referred as 𝛿𝜉𝐶𝑅

𝑖 , is 
assumed to be directing into 𝑥1, and to be the same as 𝛿𝑙𝐶𝑅. Consequently, the rate of damage 
parameter 𝑃 in terms of the crack, PZ, and width configurational areas, 𝐴𝐶𝑅,𝐴𝑃𝑍 and 𝐴𝑤, is expressed 
as follows [38]:

 𝑃 = ∂𝑃
∂𝐴𝐶𝑅

|𝐴𝐿
𝐴𝑤

𝐴𝐶𝑅 + ∂𝑃
∂𝐴𝑃𝑍

|𝐴𝐶𝑅
𝐴𝑤

𝐴𝐿 + ∂𝑃
∂𝐴𝑤

|𝐴𝐶𝑅
𝐴𝐿

𝐴𝑤                                                                             (9)

LSY

SCG

LSY

SCG
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where 𝐴𝐶𝑅 = 𝜋𝑅𝑜
2 ― 𝜋(𝑅𝑜 ― 𝑙𝐶𝑅)2 and 𝐴𝐿 = 𝜋𝑅𝑜

2 ―𝜋(𝑅𝑜 ― 𝐿)2 reflects the crack face and CL area, 
and 𝐴𝑤 = 𝑤𝜋(𝑅𝑜 ― 𝑙𝑤,𝑚𝑎𝑥) is half of the total width area, as shown in Fig. 3(b). Substituting Eq.(9) 
into Eq.(8) gives the following:

𝛹 = 𝑇𝑆𝑖𝑟𝑟 = 𝐷 + 𝑋𝐶𝑅𝐴𝐶𝑅 + 𝑋𝐿𝐴𝐿 + 𝑋𝑤𝐴𝑤                                                                               (10)

where 𝑋𝜒, depending on the specific configurational parameter 𝜒, stands for the relevant 
thermodynamic force (TF). For example, 𝑋𝐶𝑅 = ―

∂
∂𝐴𝐶𝑅

[𝛱 + 𝐻]|𝐴𝐿
𝐴𝑤

 reflects the TF for the expansion 

of 𝐴𝐶𝑅, while 𝐴𝐿 and 𝐴𝑤 remain fixed. Physically, the thermodynamic fluxes are the time rate of 
configurational areas in Eq.(10). Linear irreversible thermodynamics can be used, assuming a quasi-
equilibrium evolution of the CL. The thermodynamic fluxes can, therefore, be expressed as linear 
combinations of the TFs, as follows [57]: 

𝐴𝐶𝑅
𝐴𝐿
𝐴𝑤

=
𝑘11 𝑘12 𝑘13
𝑘21 𝑘22 𝑘23
𝑘31 𝑘32 𝑘33

𝑋𝐶𝑅
𝑋𝐿
𝑋𝑤                                                                                                  (11)

where 𝑘𝑖𝑗 reflects the kinetic coefficient tensor. Based on the Onsager’s reciprocal theorem, 𝑘𝑖𝑗 is 
symmetric, meaning 𝑘𝑖𝑗 = 𝑘𝑗𝑖. The corresponding fluxes is directly influenced by the diagonal 
elements in 𝑘𝑖𝑗. Therefore, the TFs must be computed in advance in order to obtain the CL 

configurational fluxes, i.e., 𝐴𝐶𝑅,𝐴𝑃𝑍, and 𝐴𝑤. For each corresponding flux, the TF, 𝑋𝜒 = ―
∂

∂𝐴𝜒
[𝛱 + 𝐻]

, can be split into a driving term and resistance term, represented by ―
∂𝛱
∂𝐴𝜒

 and ―
∂𝐻
∂𝐴𝜒

, respectively. 
The normalized vector components can be introduced for a better depiction of the PZ growth driving 
term [58]:

𝜉𝑃𝑍
1 = 2𝜋𝑟𝜉𝛿𝜉𝑃𝑍

1

2𝜋(𝑅𝑜 𝐿)𝛿𝐿

𝜉𝑃𝑍
2 = 2𝜋𝑟𝜉𝛿𝜉𝑃𝑍

2

2𝜋(𝑅𝑜 𝑙𝑤,𝑚𝑎𝑥) 𝛿𝑤
2

                                                                                                                   (12)

where 𝑟𝜉 is the distance from the AZ boundary surface element to the center line, as outlined in Fig. 
3(c). With that, the potential energy elemental release in relation to the CL configurational variation 
can be expressed as follows:

― 𝛿𝛱 = 𝛿𝐴𝐶𝑅𝐽𝐶𝑅
1 +𝛿𝐴𝐿𝐽𝑃𝑍

1 +𝛿𝐴𝑤𝐽𝑃𝑍
2                                                                                          (13)

where 

𝐽𝐶𝑅
1 =

𝛤𝐶𝑅

𝑃𝑃𝑍
1𝑗 𝑛𝑗𝑑𝐶

𝐽𝑃𝑍
𝑖 =

𝛤𝑙

𝜉𝑃𝑍
𝑖 𝑃0

𝑖𝑗 ― 𝑃𝑃𝑍
𝑖𝑗 𝑛𝑗𝑑𝐶

                                                                                                  (14)

The potential energy 𝛱 can then be expressed as a function of configurational areas with 𝐽𝐶𝑅
1 = ―

∂𝛱
∂𝐴𝐶𝑅

, 𝐽𝑃𝑍
1 = ―

∂𝛱
∂𝐴𝐿

, and 𝐽𝑃𝑍
2 = ―

∂𝛱
∂𝐴𝑤

. In Eq.(14), the 𝑃𝑖𝑗
𝑃𝑍 and 𝑃𝑖𝑗

0 represent the Eshelby tensor of the 
PZ and fresh materials, respectively [59]. 
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Fig. 3. A schematic illustration of an axisymmetric solid, representing a CRB specimen including the 
(a) CL configurational areas, e.g., the crack area 𝐴𝐶𝑅, the AZ area 𝐴𝐴𝑍 and the AZ width area 𝐴𝑤. The CL 
area 𝐴𝐿 is the sum of the crack area 𝐴𝐶𝑅 and the AZ area 𝐴𝐴𝑍. (b) A top view of the CL configurational 
areas, in 𝑋1-𝑋2 plane. (c) An illustration of the circumferential CL configuration, highlighting the 
crack length 𝑙𝐶𝑅, the CL length 𝐿, the PZ maximum width 𝑤𝑚𝑎𝑥 and the migration vectors at the crack 
𝛿𝜉𝐶𝑅

1  and AZ boundaries 𝛿𝜉𝑃𝑍
𝑖 . The small elemental CL variations, e.g., 𝛿𝑙𝐶𝑅, 𝛿𝐿, and 𝛿𝑤, are also 

outlined [38].

(a) (b)

(c)
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The enthalpy of the CL system, 𝐻, is a volume integral of the enthalpy density, ℎ = 𝛾𝑠𝑦𝜌 + ℎ0, 
where 𝛾𝑠𝑦 is the enthalpy jump due to shear yielding and per unit continuous area. Whereby 𝜌 reflects 
the continuous area induced by shear yielding per unit volume [56]. Herein, ℎ0 stands for the original 
enthalpy value of the undamaged material. Hence, the total enthalpy 𝐻 variation driven by the CL 
evolution can be expressed as:

𝛿𝐻 = 2𝛾 ⋅ 𝛿𝐴𝐶𝑅 +
∂

∂𝐴𝐿
∫𝑉𝐴𝑍

𝛾𝑠𝑦𝜌 𝑑𝑉 𝛿𝐴𝐿 +
∂

∂𝐴𝑤
∫𝑉𝐴𝑍

𝛾𝑠𝑦𝜌 𝑑𝑉 𝛿𝐴𝑤                                     (15)

where the 2𝛾 is the specific fracture energy (SFE), i.e., the required enthalpy to generate a unit 
crack area. Whereas, 𝑉𝐴𝑍 stands for the volume of the AZ. Setting the enthalpy jump per unit area 𝛾ℎ 
as constant, the resistance terms become 

∂𝐻
∂𝐴𝐶𝑅

= 2𝛾, 
∂𝐻
∂𝐴𝐿

= 𝛾𝑠𝑦𝑅𝑃𝑍
1 , and 

∂𝐻
∂𝐴𝑤

= 𝛾𝑠𝑦𝑅𝑃𝑍
2 , where 𝑅𝑃𝑍

1 =
∂

∂𝐴𝐿
∫𝑉𝐴𝑍

𝜌𝑑𝑉 and 𝑅𝑃𝑍
2 =

∂
∂𝐴𝑤

∫𝑉𝐴𝑍
𝜌𝑑𝑉. In the CL theory, the undamaged elastic solid, the crack and the 

PZ are considered as separate phases. The principle of superposition is followed which uses the 
additive property of the SIF. The TFs for each phase growth are then derived from the variation in the 
system Gibbs free energy (∂𝐺) with regard to the migration of each phase boundary. Hence, there 
would be three thermodynamic force (TF) equations for the CL system, one for the crack, another for 
the PZ growth, and one for the PZ width growth, i.e., X𝐶𝑅, X𝑃𝑍, and X𝑤. The general expressions for 
the crack and PZ driving forces are formulated as [39]:

X𝐶𝑅 = ―
∂𝐺

∂𝐴𝐶𝑅
;X𝑃𝑍 = ―

∂𝐺
∂𝐴𝐿

;X𝑤 = ―
∂𝐺

∂𝐴𝑤
                                                                                    (16)

Therefore, the TFs can be represented in the following simple forms: 

𝑋𝐶𝑅 = 𝐽𝐶𝑅
1 ― 2𝛾(𝜔(𝑥,𝑡),𝑡)

𝑋𝐿 = 𝐽𝑃𝑍
1 ― 𝛾𝑠𝑦𝑅𝑃𝑍

1 =  
𝐾2

𝑡𝑜𝑡
𝐸′

―
𝛾𝑡𝑟

𝜀0
𝛿𝑡𝑜𝑡

𝑋𝑤 = 𝐽𝑃𝑍
2 ― 𝛾𝑠𝑦𝑅𝑃𝑍

2

                                                                                            (17)

where 𝐽𝐶𝑅
1  is the energy release rate (ERR) due to one step crack growth into the PZ. Likewise, 𝛾𝑠𝑦 

stands for the specific energy of shear yielding that includes plastic deformation and the work of 
yielding,  𝐽𝑃𝑍

1  is the ERR due to PZ unit advancement. Meanwhile, 𝛾 and  𝛾𝑠𝑦 are the specific fracture 
energy of the PZ and the HDPE transformation energy for a single unit volume into yielded state. In 
addition, 𝐾𝑡𝑜𝑡 is the sum of the SIFs determined by superposition. Lastly, 𝛿𝑡𝑜𝑡 is the crack opening 
displacement (COD) at the PZ-cutoff elastic solid crack tip. The non-zero value of the 𝐾𝑡𝑜𝑡 is what 
makes the difference between the CL and Dugdale-Barenblatt (DB) model equilibrium PZ which 
requires 𝐾𝑡𝑜𝑡 = 0.
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In the case of pre-saturated HDPE by sorptive plasticizers such as liquid hydrocarbons, the PZ 
represents a voluminous irreversible deformation zone that can develop ahead of the crack tip and 
driven primarily by shear band formation. This PZ shape can be simplified to represent a self-similar 
geometry (𝑙𝐶𝑅,𝐿 >> 𝑤) [58, 60]. With this, the CL configuration is primarily dominated by the crack 
length 𝑙𝐶𝑅 and the CL length 𝐿, as shown in Fig. 4, resulting in the CL having 2 degrees of freedom 
(D.O.F) configuration (𝑙𝐶𝑅 and 𝐿). In addition, owing to the narrow shape assumed to the PZ, its 
boundary migration ERR in 𝑥1, direction, 𝐽𝑃𝑍

1 , is approximated to be the same as PZ tip ERR. 
Furthermore, a clear boundary is set to separate the undamaged material from the PZ, consequently. 
These geometrical considerations will facilitate the deployment of the superposition principle, outlined 
in Fig. 4(c) through 5(f) [61]. The total CL shown in Fig. 4(c), under such conditions, can be separated 
into PZ-cutoff elastic material, shown in Fig. 4(d), and PZ medium, shown in Fig. 4(e). Since the 
plasticized PZ of HDPE comprises of yielded material, the traction over the separating boundary is 
assumed to be constant with the yield stress 𝜎𝑦 of the pre-saturated HDPE. The PZ tip ERR can be 
computed as illustrated in Fig. 4(d). The ERR can then be expressed as 𝐽𝑃𝑍

1 = (𝐾∞ + 𝐾𝑑𝑟)2/𝐸′, 
assuming an elastic response to the PZ cut-off medium, where 𝐾∞ and 𝐾𝑑𝑟 stand for the mode I stress 
intensity factor (SIF) due to the applied stress 𝜎∞ and yield stress 𝜎𝑦, respectively. The 𝐸’ stands for 
the plane strain elastic modulus.
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Fig. 4. (a) A CRB specimen subjected to a constant circumferential load i.e., a ring dipole force on the 
crack face, with a radius of 𝑏 = 𝑅𝑜 ―𝑥. The ligament radius is denoted 𝑅𝑙, while the crack length, 
measure from the outer surface, as 𝑎. (b) A schematic illustrating the crack face arbitrary loading in 
an axisymmetric way. The method of superposition to compute the total SIF at the PZ tip and COD 
within the AZ. The total CL (c) can be decomposed into PZ cutoff elastic material (d) and material to 
be transformed to AZ medium (e). The magnified view of PZ material is depicted in (f) [38].

(a) (b)

(c) (d) (e)
(f)

(f)
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2.3  Plasticization of the PZ material

The continuous density 𝜌 inside the PZ of pre-saturated and plasticized HDPE can be assumed 
constant within the AZ. Therefore, 𝜌 in the integral of 𝑅𝑃𝑍

1  can come out. Thus, the 𝑅𝑃𝑍
1  is given by 𝑅𝑃𝑍

1

= 𝛾𝑠𝑦
∂

∂𝐴𝐿
∫𝑉𝐴𝑍

𝜌 𝑑𝑉 = 𝛾𝑡𝑟∂𝑉𝐴𝑍

∂𝐴𝐿
, where the 𝛾𝑡𝑟 = 𝛾𝑠𝑦𝜌 refers to the energy required for the shear 

yielding process within the AZ, per unit volume. The 𝑉𝐴𝑍 refers to the transformed original HDPE 
volume into AZ, as shown in Fig. 4(f). By setting the original width of the material to be 𝑤0(𝑥), and 
the current yielded width of the AZ as 𝑤(𝑥), the increase in width 𝛥𝑤(𝑥) can be computed. A 
superposition of the crack opening displacement (COD) due to remote stress 𝜎∞, denoted 𝛿∞(𝑥), and 
the COD developed from the yield stress 𝜎𝑦, denoted 𝛿𝑠𝑦(𝑥), where 𝑥 is a distance measured from the 
outer surface. Therefore, 𝛥𝑤(𝑥) can be written as 𝛥𝑤(𝑥) = 𝛿𝑡𝑜𝑡(𝑥) = 𝛿∞(𝑥) + 𝛿𝑠𝑦(𝑥). 

Without plasticization, the CL model assumes the resistance of the PZ material to crack extension 
decreases with time. The PZ material is said to degrade with time through crazing i.e., fibril creep and 
breakdown, as shown in Fig 5(a). In the plasticized state, the PZ formation occurs under the yield 
stress 𝜎𝑦 and with stretching subject to the strain at yield 𝜀0, as outlined in Fig 5(b). The PZ is 
incompressible, so the true stress acting on the PZ is defined to be (1 + 𝜀0)𝜎𝑦. The surface energy 2γ 
represents a measure of the PZ resistance to crack extension. The PZ consists of voluminous 
plasticized zone undergone irreversible deformation with no fibrils structure. The damage mechanism 
in the PZ shifts from local crack tip crazing to large-scale yielding by shear deformation. Hence, the 
crack advances via tearing instead of ligaments rupture. 

If the PZ is deformed at time 𝑡 = 0, it has an initial axial strain 𝜀0. As time 𝑡 increases, and the PZ 
continuous to be subjected to a stress of (1 + 𝜀0)𝜎𝑦, the PZ axial strain 𝜀 will increase until the critical 
axial strain 𝜀𝑐 is reached, as outlined in Fig. 5(c). The sorption induced plasticization is represented by a 
drop in modulus 𝐸 and yield stress 𝜎𝑦. Thereafter, the PZ tears. The crack advances whenever the PZ at 
the crack tip tears. The width of the original material strip which is transformed into the PZ is 𝑤(𝑥). 
The crack layer opening displacement (CLOD) is defined as 𝛿𝑡𝑜𝑡(𝑥) ≡ 𝜀(𝑥)𝑤(𝑥). From the strain 
definition 𝑤(𝑥) ≡

 𝛿𝑡𝑜𝑡(𝑥)
𝜀0 . Considering a CRB specimen with outer radius of 𝑅𝑜, with the simple 

arrangements, the resistance term in the TF associated with the PZ growth can be expressed as:

𝛾𝑠𝑦𝑅𝑃𝑍
1 = 𝛾𝑡𝑟 ∂𝑉𝐴𝑍

∂𝐴𝐿
=

𝛾𝑡𝑟

𝜀0(𝑅𝑜 ― 𝐿) ⋅
∂

∂𝐿

𝐿

𝑙𝐶𝑅

(𝑅𝑜 ― 𝑥)𝛿𝑡𝑜𝑡(𝑥)𝑑𝑥 |
𝑙𝐶𝑅=𝑐𝑜𝑛𝑠𝑡.

                               (18)

Consequently, the apparent TFs are:

𝑋𝐶𝑅 = 𝐽𝐶𝑅
1 ― 2𝛾

𝑋𝐿 = 𝐾𝑡𝑜𝑡
2

𝐸′
― 𝛾𝑡𝑟

𝜀0(𝑅𝑜 𝐿)
⋅ ∂

∂𝐿
∫𝐿

𝑙𝐶𝑅
(𝑅𝑜 ― 𝑥)𝛿𝑡𝑜𝑡(𝑥)𝑑𝑥 |

𝑙𝐶𝑅=𝑐𝑜𝑛𝑠𝑡.
                                                   (19)

(b)(a)
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Fig. 5. A comparison of the PZ underlying deformation mechanisms between (a) water and (b) liquid 
hydrocarbons test mediums. The physical crack-tip in (b) liquid hydrocarbons appear significantly 
blunted [18]. A voluminous irreversible deformation zone, due to hydrocarbons diffusion, can develop 
ahead of the crack tip driven primarily by shear band formation, unlike the wedge-like PZ in (a) water 
or air. The deformation mechanism in this region shifts from local crack-tip crazing to large-scale 
yielding that fails by cyclic yielding and advances via tearing. (c) Representation of the stress-strain 
curves in water (blue) where HDPE undergoes drawing, unlike the softening and continuum flow in 
liquid hydrocarbons (red). The resultant softening is reflected by a shift of the yield stress 𝜎𝑦 to 𝜎𝑠𝑎𝑡
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in the saturated state, and elastic modulus from 𝐸 to 𝐸𝑠𝑎𝑡. This essentially influences the PZ 
deformation potential.
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where the total SIF 𝐾𝑡𝑜𝑡 is the sum of the remote stress SIF 𝐾∞ and the yield stress SIF 𝐾𝑠𝑦, i.e., 𝐾𝑡𝑜𝑡 
= 𝐾∞ + 𝐾𝑠𝑦. In order to simplify the way forward, only the direct influences between TFs and 
corresponding fluxes in Eq.(11) will be considered, neglecting any cross-effects. This leads to the 
simple relationships of 𝐴𝐶𝑅 = 𝑘𝐶𝑅𝑋𝐶𝑅 and 𝐴𝐿 = 𝑘𝐿𝑋𝐿, where the 𝑘11 = 𝑘𝐶𝑅 and 𝑘22 = 𝑘𝐿. Therefore, 
the rate of configurational lengths, 𝑙𝐶𝑅 and 𝑙𝐿, can be expressed as:

𝑙𝐶𝑅 =
𝑘𝐶𝑅𝑋𝐶𝑅

2𝜋(𝑅𝑜 ― 𝑙𝐶𝑅)

𝑙𝐿 =
𝑘𝐿𝑋𝐿

2𝜋(𝑅𝑜 ― 𝐿)

                                                                                                                                (20)

Eq.(20) hold true under the condition of a positive TF. If the TF is computed as a negative value, the 
rate of configurational lengths is zero since the irreversibility of the process is physically impossible. 
A small incremental crack and PZ lengths can be calculated, if Eq. (20) is multiplied by a small-time 
increment ∆𝑡. With that, by applying a time-marching loop to Eq. (19)-(20), the CL growth complete 
simulation can be achieved. 2𝛾 in Eq.(19) is the SFE of the yielded material. SFE usually decays with 
time due to material’s creep. This process is highly accelerated by the absorption and diffusion induced 
plasticization. Therefore, the SFE at each point 𝑥 and time instance 𝑡 is a function of 𝜔(𝑥,𝑡) and a 
creep strain 𝜀𝑝(𝑥,𝑡). The SFE decays by the superposition of the sorption induced plasticization 𝛾𝑠𝑎𝑡

𝑝𝑙 , 
and the mechanical degradation 𝛾𝑚𝑒𝑐ℎ, as outlined in Fig. 6, leading to the following expression:

𝛾𝑡𝑜𝑡(𝜔(𝑥,𝑡),𝜀𝑝(𝑥,𝑡)) = 𝛾𝑚𝑒𝑐ℎ(𝜀𝑝) + 𝛾𝑝𝑙(𝜔(𝑥,𝑡)) = 𝛾𝑚𝑒𝑐ℎ(𝜀𝑝) + 𝛾0[(1 ― 𝜔)𝑛 ― 1]       (21)

Quantitative modeling of the diffusion induced plasticization and the resulting deterioration of 
material resistance to fracture, i.e., SFE, one needs to introduce a degradation parameter, to monitor 
its evolution, and to establish relationship between the degradation parameter and material properties 
in question. The absorption of PE to a plasticizer, e.g., liquid hydrocarbons, can lead to a significant 
decrease in the glass transition temperature 𝑇𝑔, which consequently results in swelling and a shift of 
the maximum relaxation process 𝛽 towards lower temperatures, as shown in Fig. 7 [62]. The theories 
about plasticization attempts to explain the mechanism of the phenomenon. In the lubricity theory 
[62], a plasticizer reduces the intermolecular friction between the polymer molecules. In the gel theory, 
it reduces the number of points of attachment of the polymer to polymer. Whereas, in the free volume 
theory [63], the plasticizer content is linked to the diminution of the glass transition temperature. The 
friction between molecules (or viscosity) is related to the volume between them, and so to the glass 
transition temperature, 𝑇𝑔. The free volume gradually increases with the rise of 𝑇𝑔 up until a sufficient 
energy is met, wherein the chain enter a motion state [64]. 
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Fig. 6. A schematic of the specific fracture energy (SFE) decay by the superposition. (a) the sorption 
induced plasticization SFE 𝛾𝑝𝑙 decaying until saturation is reached. (b) The mechanical degradation of 
the SFE 𝛾𝑚𝑒𝑐ℎ induced by material relaxation. (c) The superimposed total SFE decay 𝛾𝑡𝑜𝑡 (solid black) 
comprised of the saturated SFE decay 𝛾𝑠𝑎𝑡

𝑝𝑙  (solid red), as well as the mechanical SFE decay 𝛾𝑚𝑒𝑐ℎ 
(solid blue). The plasticized yet to be saturated SFE decay (dashed black) is also outlined. The impact 
of the drop in the glass transition temperature from 𝑇𝑔 to the plasticized state 𝑇𝑠𝑎𝑡

𝑔  upon saturation 
(dashed red) is manifested by a downward shift for 𝛾𝑡𝑜𝑡 to γsat

tot by the height of 𝛾𝑠𝑎𝑡
𝑝𝑙  (red arrows). 

SFE decay
of saturated PE



22

Fig. 7. An illustration of the clear correlation of the fuel sorption induced plasticization and drop in 
SFE with the enhanced β-relaxation observed by DMA. (a) Mechanical loss tan δ of HDPE from 
torsion pendulum measurements after saturation in a plasticizer agent, e.g., diesel and biodiesel, 
compared to the untreated material [65]. (b) A schematic illustration of plasticization outlining the 
effect of sorptive liquids, e.g., hydrocarbons, microstructural changes in the amorphous phase induced 
by the sorption of the molecules of the plasticizer. This results in filling the free volumes within the 
amorphous phase and in size expansion, i.e., swelling [62].

(a)

(b)
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In fact, Chen et al. [66], has shown that plasticization disrupts the chain packing of a polymer and 
enhances the inter-segmental mobility. Pradhan et al. [67], revealed a drop in 𝑇𝑔 with increasing 
plasticizer concentration. Saad et al. [68], through studying the plasticizing effect of biodiesel on PE, 
reported observations of the necking regions after their immersion. The exposed samples exhibited a 
significant decrease in fibrillation. The absorbed biodiesel lubricated the inter-crystalline chains, 
similar to a stress-cracking agent, promoting crystal slippage during plastic deformation with no 
increase in internal stress. Overall, PE materials increase their mobility, i.e., properties of the matrix 
change, with increasing the concentration of a penetrant. This affects the rate of relaxation and the 
diffusion kinetics, which eventually control the rate of polymer displacement. In light of the above, a 
simple, easily measurable, and relevant degradation parameter 𝜔(𝑡) is naturally to express 
plasticization in terms of current and initial glass transition temperatures 𝑇𝑔(𝑡) and 𝑇𝑔(0):

𝜔(𝑡) ≡ 1 ― 𝑇𝑔(𝑡)/𝑇𝑔(0),                                                                                                                         (22)

A number of experimental techniques have been developed to detect the plasticization effect of 
sorptive liquids by measuring the chains mobility, e.g., dynamic mechanical analysis (DMA), and to 
quantify extend of sorption by direct, e.g., gravimetric and mass balance, or indirect, e.g., differential 
scanning calorimetry (DSC), evaluation of 𝑇𝑔 reduction. Finally, and in order to obtain 𝐾𝑡𝑜𝑡 and 𝛿𝑡𝑜𝑡
(𝑥) in Eq.(19), the Green’s function (GF) of the SIF 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵 and the COD 𝐺𝐶𝑂𝐷
𝐶𝑅𝐵, for the CRB specimen 

will be established and derived in the next section. 
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2.4  Green’s function for axisymmetric CRB specimen

2.4.1 SIF Green’s function

In order to construct the GF of an axisymmetric CRB specimen 𝐺𝑆𝐼𝐹
𝐶𝑅𝐵, the SIF developed by a 

unit ring force applied on the crack upward and downward surfaces at a radius 𝑏 is obtained. The 
geometry of the CRB specimen, including the crack 𝑙𝐶𝑅, crack layer length 𝐿, the remote stress 𝜎∞, 
and the drawing stress 𝜎𝑑𝑟 is illustrated in Fig. 8(a). The SIF Green’s function 𝐺𝑆𝐼𝐹

𝑖𝑛𝑓  for a 
circumferential crack in infinite medium, with a ligament radius of 𝑅𝑙, and applied ring load at radius 
of 𝑏 is given in Tada’s handbook [69], as follows:

𝐺𝑆𝐼𝐹
𝑖𝑛𝑓 =

2𝜋𝑏
(𝜋𝑅𝑙)1.5 𝑐𝑜𝑠―1

𝑅𝑙

𝑏 +
𝑅𝑙

𝑏2 ― 𝑅𝑙2
                                                                                       (23)

Therefore, the form of the 𝐺𝑆𝐼𝐹
𝐶𝑅𝐵 applicable to a CRB specimen can be arranged, as follows:

𝐺𝑆𝐼𝐹
𝐶𝑅𝐵 = 𝑓(𝑅𝑜,𝑎,𝑏) ⋅ 𝐺𝑆𝐼𝐹

𝑖𝑛𝑓                                                                                                                     (24)

where 𝑓(𝑅𝑜,𝑎,𝑏) represents the correction factor of the finite medium. This factor is typically larger 
than a unit value. The factors 𝛼 =

𝑎 𝑥
𝑎  and 𝛽 =

𝑅𝑜 𝑎
𝑅𝑜

 were used to normalize the geometries and force 
position 𝑏. 𝑓(𝛼,𝛽) is shown in Fig. 8(b) with a total of 63 data points ranging from 0 < 𝛼 < 1 and 
0.2 ≤ 𝛽 ≤ 0.8. Wee et al. [38] used a 4th order bivariate polynomial to fit 𝑓(𝛼,𝛽) comprising of 10 
terms, and expressed as follows:   

𝑓(𝛼,𝛽) = 𝛼3(𝐶1 + 𝐶2𝛽) + 𝛼2 𝐶3 + 𝐶4𝛽 + 𝐶5𝛽2 +𝛼𝛽 𝐶6 + 𝐶7𝛽 + 𝐶8𝛽2 + 𝐶9𝛽 + 1    (25)

where the coefficients 𝐶𝑖 are listed in Table 1. Fig. 8(b) shows the surface plot of Eq.(15) including 
the base data points indicated by white circles. It should be highlighted, as well, that when the 
normalized geometries and force position 𝑏 approach zero, i.e., 𝛽→0 and 𝑎→0, the correction factor 
𝑓→1. This means that the GF approaches the circumferential crack in infinite medium analytical 
solution. Therefore, the Green’s function obtained for SIF has a proper asymptotic response. With that, 
any load case of the CRB specimen SIF can be found by integrating 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥) = 𝑓(𝛼,𝛽) ⋅
𝐺𝑆𝐼𝐹(𝑎,𝑅𝑜;𝑥)

𝑖𝑛𝑓 . For instance, the SIF at the crack tip for a CRB specimen with axisymmetric traction on 
the crack face is as follows:

𝐾𝐼(𝑎,𝑅𝑜;𝜎(𝑥)) = ∫𝑎
0 𝜎(𝑥) ⋅ 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥)𝑑𝑥                                                                              (26)

where the 𝜎(𝑥) is an arbitrary traction on the crack face within 0 ≤ 𝑥 ≤ 𝑎, as shown in Fig. 4(b). The 
SIFs computed from Tada’s handbook and the integration of 𝐺𝑆𝐼𝐹

𝐶𝑁𝐵(𝑎,𝑅𝑜;𝑥) in Eq.(26) are plotted in 
Fig. 8(c), for comparison. The two SIFs agree markedly well for a reasonable range of crack length.

(a) (c)
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Fig. 8. (a) The configuration of the CRB specimen CL system with a wedge-like PZ, typically seen in 
HDPE. (b) A plot of the correction factor 𝑓(𝛼,𝛽) in the SIF Green's function 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵. The fit was carried 
using a 4th order bivariate polynomial, wherein the base data are displayed by white circle. (c) 
Comparison of the SIFs obtained from Wee et al. [38] Green’s functions (GFs) for CRB specimen and 
Tada’s handbook [69] at several 𝑎/𝑅𝑜 ratios and for 𝑅𝑜 = 5 mm, 𝑅𝑜 = 8 mm, and 𝑅𝑜 = 11 mm. The 
applied stress is 1 MPa. 

(b)
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In light of the above, the SIF for a CRB geometry generated by an axial load, 𝑃𝑎 can be accordingly 
expressed as follows:

𝐾𝑃𝑎
𝐶𝑅𝐵 =

𝐿

0

𝑃𝑎

𝜋𝑅2
𝑜

∙ 𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝐿,𝑅𝑜;𝑥) 𝑑𝑥                                                                                                      (27)

where 𝑥 is measured from the specimen’s outer wall 𝑅𝑜. The above expression will be used to estimate 
the ERR induced by a single crack advancement 𝐽𝐶𝑅

𝐼 . The pre-saturated PZ boundary traction is 
assumed constant and represented by the material’s yield stress σ𝑦, which correspond to the PZ strain 
in the plasticized state. Therefore, the SIF due to shear yielding 𝐾𝑠𝑦

𝐶𝑅𝐵, i.e., induced by the sorptive 
liquid plasticization, can be obtained by numerically integrating the GF of the CRB specimen, 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵, 
as follows:

𝐾𝑠𝑦
𝐶𝑅𝐵 = ― σ𝑦

𝐿

𝑙𝐶𝑅

𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝐿,𝑅𝑜;𝑥) 𝑑𝑥                                                                                                      (28)

where σ𝑦 is the HDPE pre-saturated yield stress. 𝐾𝑠𝑦
𝐶𝑅𝐵 is then used to estimate the ERR from single 

PZ advancement 𝐽𝑃𝑍
𝐼 . The total SIF 𝐾𝑡𝑜𝑡 is eventually calculated from the superposition of the SIF 

resulting from the axial load 𝑃𝑎 and the yield stress σ𝑦, i.e., 𝐾𝑡𝑜𝑡 =  𝐾∞ + 𝐾𝑠𝑦. The determination of 
the COD Green’s functions is discussed next.

Table 1 𝐶𝑖 values of the fitted 𝑓𝑖(𝑎/𝑊) functions for the CRB specimen using ninth order polynomial.

𝑓𝑖(𝛼) 𝐶1 𝐶2 𝐶3 𝐶4 𝐶5 𝐶6 𝐶7 𝐶8 𝐶9

𝐶𝑖 0.2188 0.131 -2.511 46.227 -
198.32

5

482.24
0

-
568.031

-
568.031

247.167

2.4.2 COD Green’s function

The GF for the COD, 𝐺𝐶𝑂𝐷
𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥1,𝑥0), stands for the COD developed at position 𝑥1 by a 

unit circumferential force located at 𝑥0. The distances 𝑥0 and 𝑥1 are also measured from CRB specimen 
inner and outer surfaces. The 𝐺𝐶𝑂𝐷

𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥1,𝑥0) can be established using Castigliano’s theorem [69]. 
Let us set the actual force 𝑃𝑎 that is applied at 𝑥0, and F as a circumferential fake force at x1. The ERR 
at the crack tip, i.e., x = a, can be calculated as  1

𝐸′(𝐾𝑃 + 𝐾𝐹)2 =
1
𝐸′(𝐾𝑃

2 + 2𝐾𝑃𝐾𝐹 + 𝐾𝐹
2). The partial 

derivative of ERR with respect to F,  ∂𝐸𝑅𝑅
∂𝐹 , results in 1

𝐸′ 2𝐾𝑃
∂𝐾𝐹

∂𝐹
+ 2𝐾𝐹

∂𝐾𝑃

∂𝑃
. Considering the physical 

meaning of the ERR, and if we take the limits of 𝐹→0, and 𝐾𝐹→0, the COD at 𝑥1 can be simplified  
as 𝐶𝑂𝐷(𝑎,𝑅𝑜;𝑃𝑎;𝑥1,𝑥0) =

2
𝐸′∫

𝐴
0 𝐾𝑃

∂𝐾𝐹

∂𝐹
𝑑𝐴. The following expression of COD Green’s function can be, 

hence, yielded by putting the circumferential applied load 𝑃𝑎 as a unit ring force and considering ∂𝐾𝐹

∂𝐹 =
𝐺𝑆𝐼𝐹

𝐶𝑁𝐵(𝑎,𝑅𝑜;𝑥1) [70]:

𝐺𝐶𝑂𝐷
𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥1,𝑥0) = ∫𝑎

𝑚𝑎𝑥(𝑥0,𝑥1) 𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝜉,𝑅𝑜;𝑥0) ⋅ 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝜉,𝑅𝑜;𝑥1)𝑑𝜉                                      (29)
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where 𝜉 stands for the variable crack length. With that, any COD at 𝑥1, under axisymmetric condition 
and generated by an arbitrarily distributed traction 𝜎(𝑥0) can be computed by:

𝛿(𝑎,𝑅𝑜;𝑥1;𝜎(𝑥0)) = ∫𝑎
0 𝜎(𝑥0)𝐺𝐶𝑂𝐷

𝐶𝑅𝐵(𝑎,𝑅𝑜;𝑥1,𝑥0)𝑑𝑥0                                                                 (30)

The total COD 𝛿𝑡𝑜𝑡(𝑥) at position 𝑥 and the total SIF at the PZ tip 𝐾𝑡𝑜𝑡 should, next, be obtained to 
compute 𝑋𝐿 in Eq.(19). Both 𝐾𝑡𝑜𝑡 and 𝛿𝑡𝑜𝑡(𝑥) can be considered as superposition of the remote stress 
𝜎∞ and yield stress 𝜎𝑦 contributions:

𝐾𝑡𝑜𝑡(𝐿,𝑙𝐶𝑅,𝑅𝑜;𝜎∞,𝜎𝑑𝑟) = 𝜎∞

𝐿

0
𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝐿,𝑅𝑜,𝑥)𝑑𝑥 ― 𝜎𝑦

𝐿

𝑙𝐶𝑅

𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝐿,𝑅𝑜,𝑥)𝑑𝑥                             (31)

Similarly, 𝛿𝑡𝑜𝑡(𝑥) can be computed as the superposition of the contribution of the remote stress COD 
𝛿∞(𝑥) and the shear yielding COD 𝛿𝑠𝑦(𝑥), i.e., 𝛿𝑡𝑜𝑡(𝑥) = 𝛿∞(𝑥) + 𝛿𝑠𝑦(𝑥), as follows:

𝛿∞ 𝐿,𝑅𝑜;𝜎∞,𝜎𝑦;𝑥 = 𝜎∞

𝐿

0
𝐺𝐶𝑂𝐷

𝐶𝑅𝐵(𝐿,𝑅𝑜;𝑥,𝑥0)𝑑𝑥0

𝛿𝑠𝑦 𝐿,𝑙𝐶𝑅,𝑅𝑜;𝜎∞,𝜎𝑦;𝑥 = ― 𝜎𝑦

𝐿

𝑙𝐶𝑅

𝐺𝐶𝑂𝐷
𝐶𝑅𝐵(𝐿,𝑅𝑜;𝑥,𝑥0)𝑑𝑥0

                                                            (32)

Consequently, for a given CL configurational lengths, 𝑙𝐶𝑅 and 𝐿, the PZ growth thermodynamic force 
𝑋𝐿 can be computed as constructed earlier in Eq.(19). The COD Green’s function can now be used to 
compute the displacement of crack 𝑙𝐶𝑅 and crack layer 𝐿 within the CRB specimen. The ERR 
calculated in section 2.4.1 reflects the strain energy physical change due to the SCG progression. The 
total displacement 𝛿𝑡𝑜𝑡 can otherwise, using Castigliano theory, be determined directly [70]. Within a 
CRB geometry, the COD for a crack can accordingly be computed. The COD profile at the crack tip (𝑥1
= 𝑙𝐶𝑅) can be evaluated for axial load 𝑃𝑎 induced axial stress 𝜎𝑎, through the double integration of 
the SIF Green’s function over the crack face, as follows:

𝛿∞ =
2𝜎𝑎

𝐸′

𝑙𝐶𝑅

𝑥

𝜉

0
𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝜉,𝑅𝑜,𝑅𝑖,𝑥0) ⋅ 𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝜉,𝑅𝑜,𝑅𝑖,𝑥1) 𝑑𝑥0𝑑𝜉                                                        (33)

where 𝐸′ is the plain strain elastic modulus, 𝑥0 is the location where the COD is measured, 𝑥1 reflects 
the position where the unit force is applied, and 𝜉 is the variable crack length. The shear yielding COD 
induced by the yield stress σ𝑦, is calculated in a similar way, as follows:

𝛿𝑠𝑦 = ― 
2𝜎𝑦

𝐸′

𝐿

𝑥

𝜉

𝑙𝐶𝑅

𝐺𝑆𝐼𝐹
𝐶𝑅𝐵(𝜉,𝑅𝑜,𝑅𝑖,𝑥0) ⋅ 𝐺𝑆𝐼𝐹

𝐶𝑅𝐵(𝜉,𝑅𝑜,𝑅𝑖,𝑥1) 𝑑𝑥0𝑑𝜉                                                     (34)

The total COD 𝛿𝑡𝑜𝑡 is then calculated by summing the COD due to axial load 𝑃𝑎 and the yield stress 
σ𝑦, following the superposition principle, i.e., 𝛿𝑡𝑜𝑡 =  𝛿∞ + 𝛿𝑠𝑦. With that, the CL model simulation 
can be run and consequently its algorithm will be explained next.

2.5  Simulation algorithm of the CL model

The SFE, denoted as 2𝛾, is expected to decrease with time considering creep as the sole 
deformation mechanism at the crack tip and within the PZ. The PZ degradation is assumed to follow a 
creep damage, i.e., time-dependent deformation, that takes place within the drawn ligaments. By 
neglecting any dependency for the PZ state on its deformation history, the SFE reduction process can 
be expressed as 𝛾(𝑡,𝑡𝑥) = 𝛾0𝜔(𝑡 ― 𝑡𝑥) [71]. Where 𝜔 is a function that decreases with time. With that, 
the PZ creep deformation can be reflected by defining the function 𝜔 as 𝜔 = Ω(𝑡 ― 𝑡𝑥)―1, where Ω 
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represents a creep function for the ligaments. The simplest expression in which the process of PZ 
degradation can be reflected is Ω = 1 + (𝑡 ― 𝑡𝑥)/𝑡∗, with 𝑡∗ being a characteristic time for the drawn 
fibers.

Considering hydrocarbon exposure, the HDPE degradation as outlined in section 2.3 will be, at 
each point 𝑥 and time instance 𝑡, a function of plasticization damage 𝜔(𝑥,𝑡) and a creep strain 𝜀𝑝(𝑥,𝑡). 
In continuous SCG, the ERR is higher than the initial SFE which would result in a positive crack 
driving force, i.e., no stationary state takes place with continuous crack advancement. As diffusion 
progresses and hydrocarbon saturation is not reached, the crack driving force increases and 
consequently the SCG rate, driven primarily by the chains lubrication and the resultant higher mobility. 
Once saturation is reached, the plasticization SFE 2𝛾𝑝𝑙𝑎𝑠𝑡 decays to the minimum level. This further 
reduces the initial SFE and consequently increases the SCG rate. The decay expressions of the SFE 
used are as follows, based on the material saturation state:

2𝛾(𝜔(𝑥,𝑡),𝜀𝑝(𝑥,𝑡)) = 2𝛾𝑚𝑒𝑐ℎ + 2𝛾𝑝𝑙𝑎𝑠𝑡 = 2𝛾0
1

1 + 𝑡𝑖 ― 𝑡𝑥
𝑡∗

+ 𝑇𝑔(𝑡)/𝑇𝑔(0)
𝑛

― 1                        (35)

where 2𝛾0 is undamaged material SFE, 2𝛾𝑚𝑒𝑐ℎ is the mechanical SFE, 2𝛾𝑚𝑒𝑐ℎ is the plasticization 
SFE, 𝑡∗ is a characteristic time that impacts the speed of the decay, and 𝑡𝑥 is the time of materials 
transformation at the point 𝑥 calculated based on 𝑙𝐶𝑅 position with respect to 𝑙𝑃𝑍. 𝑇𝑔(𝑡) is the pre-
saturated glass transition temperature, and 𝑇𝑔(0) is the material undamaged value. The characteristic 
time, 𝑡∗, follows an Arrhenius type equation, 𝑡∗ = 𝑡0 exp ( ― 𝐽/𝑅𝑇) and strongly depends on 
temperature, where 𝑡0 is a time scale, 𝐽 is the activation energy of the process, 𝑅 is the universal gas 
constant and 𝑇 is temperature in Kelvin. The larger the 𝑡∗ is, the slower the decay inside the PZ. In 
continuous SCG, no new thermodynamic equilibrium configuration is reached, and the crack and the 
PZ grow simultaneously with a positive crack driving. With that, to compute the crack and PZ growth 
rates, 𝓁𝐶𝑅 and 𝓁𝑃𝑍, the following relationships are used:

𝓁𝐶𝑅 = 𝑘𝐶𝑅X𝐶𝑅;𝓁𝑃𝑍 = 𝑘𝑃𝑍X𝑃𝑍                                                                                                                   (36)
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where 𝓁𝐶𝑅 and 𝓁𝑃𝑍 are the crack and PZ growth rates, respectively. Meanwhile, 𝑘𝐶𝑅 and 𝑘𝑃𝑍 are the 
crack and the PZ kinetic coefficients. The equations, despite their simple appearance, are nonlinear 
systems and require numerical solvers. The crack keeps on growing until a local instability occurs and 
the SCG transforms to RCP. The algorithm of the CL system simulation is primarily made based on a 
loop statement along with multiple stages that dictate a single loop of calculation. For the i-th loop, the 
length of the crack 𝑙𝐶𝑅(𝑖 + 1) and crack layer 𝐿(𝑖 + 1) are calculated using the following equations 
for a selected time increment ∆𝑡:

𝑙𝐶𝑅(𝑖 + 1) =  𝑙𝐶𝑅(𝑖) + 𝑙𝐶𝑅(𝑖) ∙ ∆𝑡  
𝐿(𝑖 + 1) =  𝐿(𝑖) + 𝐿(𝑖) ∙ ∆𝑡,                                                                                                                    (37)

The crack and PZ evolution are calculated using Eq. (37). In the 1st stage of the loop, the initial 
SFE and the crack tip SFE are equal. Using the superposition method, the ERR 𝐽𝑃𝑍

𝐼 (𝑖), and the COD 
𝛿∞(𝑖) at the PZ are calculated. The corresponding lengths would only change if the driving forces 
were positive. In the 2nd stage of the loop, ‘i+1’-th loop, the crack tip SFE 𝛾(𝑖 + 1) would change 
based on the numerical code. For example, if the new crack length 𝑙𝐶𝑅(𝑖 + 1) was in between  𝑙𝑃𝑍
(𝑖 ― 2) ≤ 𝑙𝐶𝑅(𝑖 + 1) < 𝑙𝑃𝑍(𝑖 ― 1), the SFE would be 𝛾0 ∙ 𝑓(3𝑑𝑡). Similarly, if the new crack length 
was instead in between 𝑙𝑃𝑍(𝑖) ≤ 𝑙𝐶𝑅(𝑖 + 1) < 𝑙𝑃𝑍(𝑖 + 1), the SFE would be 𝛾0 ∙ 𝑓(𝑑𝑡). Finally, if the 
new crack and PZ lengths are equal 𝑙𝐶𝑅(𝑖 + 1) = 𝑙𝑃𝑍(𝑖 + 1), the SFE goes back to the initial SFE 𝛾
(𝑖 + 1) = 𝛾0 ∙ 𝑓(0) whereby a fresh material is encountered. 

In order to relate the physical SCG process in a CRB induced by a crack 𝑙𝐶𝑅 and the crack layer 
𝐿, the CL continuous SCG mechanism is explained. The time elapsed from the test is denoted 𝑡. At 𝑡 
= 0, the crack length is 𝑎0, meanwhile the PZ develops at the crack tip. The crack would grow as long 
as the ERR at the tip is larger than the initial SFE 𝛾0. The PZ does not reach equilibrium. Instead, the 
PZ keeps on decaying with the applied axial stress 𝜎𝑎, which lead to the crack tearing the PZ area. 
Simultaneously, the PZ size increases, while the crack advances.

In the 3rd stage of the algorithm, two instability or failure criterion are used for terminating the 
simulation, as displayed in the last section of the algorithm flowchart in Fig 9. The 1st being the SIF 
exceeding the material fracture toughness, 𝐾𝐼𝑐. The 2nd being the remaining ligament exceeding the 
CRB thickness, 𝑡. Finally, once failure takes place, the crack 𝑙𝐶𝑅 and crack layer 𝑙 lengths are plotted 
against time-to-failure 𝑡𝑓, as displayed in the output graph of Fig. 9. With that, the entire CL history 
can be seen.
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Fig. 9. Crack layer (CL) growth algorithm flowchart for the crack and crack layer, denoted 𝑙𝐶𝑅 and 𝐿, 
starting from the input geometry, loading and material parameters till the instability criterion. This 
includes the determination of the thermodynamic forces (TFs) for the crack 𝑋𝐶𝑅 and PZ 𝑋𝑃𝑍, 
separately. The crack instability is dedicated by either the applicable critical stress intensity factor 
(SIF) 𝐾𝐼𝑐, i.e., fracture toughness, or the length of the remaining ligament 𝐿 from the total width 𝑊.

End
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3. Application of the proposed CL model

3.1  Comparison with experiments

In this section, the proposed CL model is applied to a CRB specimen geometry made from 
HDPE. The CRB dimensions used in the simulations conform to ONR 25194 standard [72] with a 1.5 
circumferential notch, 100 mm length, and a 13.85 mm diameter, which is currently replaced with ISO 
18489 [73]. Schoeffl et al. [18], reported experimental SCG results for PE100 exposed to 90/10 wt% 
i-octane/toluene, using CRB specimens, under cyclic loading. A distinct continuous SCG kinetics with 
clear plasticization behavior were observed. The reported properties of the pre-saturated HDPE at T = 
60 °C were adopted in the CL simulations, as shown in Table 2. The current CL model is applied to 
elevated temperatures by selecting the applicable material and physical properties at T = 60 °C.

The SCG response of the 90/10 wt% i-octane/toluene exposed specimens is compared to ones 
exposed to deionized water at 𝑅 = 0.1 ; 𝑓 = 10 Hz, as shown in Fig. 10(a). The crack growth rate 𝑑𝑎/
𝑑𝑁 versus the maximum SIF 𝐾𝐼,𝑚𝑎𝑥, is plotted in Fig.10 (b). The SCG regime from the proposed CL 
model markedly agrees with the experimental rates from Schoeffl et al. [74]. The higher SCG rate of 
plasticized HDPE, with 𝑚 = 23.4, can be simulated well compared to deionized water, with 𝑚 = 12.6. 
The crack and crack layer lengths, 𝑙𝐶𝑅 and 𝐿, growth against the percentage of cycles to failure 𝑁𝑓, as 
shown in Fig. 10(c). Such additional simulations at pre-defined ∆𝐾𝐼,𝑖𝑛 values that can achieve a total 
lifetime of approximately 2 x 106 cycles, which are 0.5 and 0.3 MPa m0.5. The SCG of the plasticized 
HDPE is found to be almost linearly increasing up to 90%, with good agreement with the experiment, 
as shown in Fig. 10(d) and 10(e).

Table 2  The CL model material and physical input parameters for HDPE at T = 60 °C.

Media exposed

Description Symbo
l Unit

90/10 wt% i-octane/toluene Deionized 
water

Drawing stress, [75] σ𝑑𝑟 MPa - 10

Yield stress, [18] σ𝑦 MPa 11.4 14.8

Transformation energy per unit 
volume, [76] 𝛾𝑡𝑟 mJ/m

m3 25 17

Initial surface fracture energy, [77] 𝛾0
mJ/m

m2 20 15

Glass transition temperature, [62] 𝑇𝑔 °C -115 -

Saturated glass transition temperature, 
[62] 𝑇𝑠𝑎𝑡

𝑔 °C -79 -
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Natural drawing ratio, [39] 𝜆 - - 5

Strain at yield, [78] 𝜀0 - 2 -

Plane strain elastic modulus, [74, 75] 𝐸′ MPa 385 500

Characteristic time, [34] 𝑡∗ sec 300 300
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Fig. 10. (a) comparison of CL simulation results of SIF range ∆𝐾𝐼 versus failure time 𝑡𝑓, in deionized  water 
and 90/10 wt% i-octane/toluene, at 𝑅 = 0.1; 𝑓 = 10 Hz; T = 60 °C. (b) Crack growth rate 𝑑𝑎/𝑑𝑁 versus the 
maximum SIF 𝐾𝐼,𝑚𝑎𝑥. The SCG regime from the proposed CL model markedly agrees with the 
experimental rates from Schoeffl et al. [74]. (c) Crack and crack layer lengths, 𝑙𝐶𝑅 and 𝐿, growth against 
the percentage of cycles to failure 𝑁𝑓. The present simulation results follow accurately the experimental 𝑡𝑓 
and 𝑙𝐶𝑅 from Schoeffl et al. [18], as shown in (d) and (e). A schematic illustration of the test CRB specimens 
in deionized  water (blue) and 90/10 wt% i-octane/toluene (red), is shown in (f).

In this section, the CL model simulation is compared to the CRB fracture surface from Schoeffl 
et al. [18], that is exposed to 90/10 wt% i-octane/toluene. As shown in Fig. 11(b), a significant decrease 
in fibrillation can be seen in the SCG region driven primarily by the lubricative effect of the sorptive 
liquid to the inter-crystalline chains, similar to a stress cracking agent. This eventually promotes crystal 
slippage with no increase in the internal stress during plastic deformation within the PZ, i.e., shear 
yielding [68]. The tie-chains, i.e., inter-crystalline regions, within the lamella influence the mobility of 
the macromolecular network. The penetration of low molecular weight plasticizing fluids induces 
swelling of the HDPE amorphous phase and promotes a decline in the internal stresses [62].
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Fig. 11. Comparison of the crack and crack layer lengths, 𝑙𝐶𝑅 and 𝐿, growth from (a) the CL simulation 
and the fracture surface in (b), at 𝐾𝐼 = 0.35 MPa m0.5, and T = 60 °C. The SCG and large-scale yielding 
regimes are highlighted along with the growth increments of 𝑙𝐶𝑅 and 𝐿 (dashed black). (c) A 
macroscopic view of the CRB fracture surface, that is tested in 90/10 wt% i-octane/toluene, from the 
magnified view in (b), and boxed in yellow. (d) A CRB specimen fracture surface exposed to deionized 
water. The discontinuous SCG striations seen in (d) are not visible in (c) air from Pinter et al. [79] owing 
to the deformation mechanism change from craze breakdown to PZ tearing induced by plasticization.

3.2  Parametric study

In this section, two example cases are presented to validate the feasibility of the proposed CL 
model. The SCG behavior of plasticized HDPE is investigated using CRB specimens and under fatigue 
loading, and at elevated temperature, 𝑇 = 60 °C. A specimen with a radius, 𝑅, of 7 mm, and an initial 
notch 𝑙0 of 1.5 mm is used. A maximum force 𝐹 of 650 N is applied, corresponding to a maximum 
stress 𝜎𝑚𝑎𝑥 of 4 MPa, with 𝑅 = 0.1, and 𝑓 = 10 Hz. The material and physical properties listed in Table 
2, of HDPE pre-saturated in 90/10 wt% i-octane/toluene, are used as input parameters for the CL 
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simulations.

The simulations were performed for various pre-saturated conditions, including non-plasticized 
HDPE, as shown in Fig. 2(a), from right to left. Since no diffusion has occurred at 𝑡 < 𝑡𝑠, no 
plasticization damage would take place within the PZ. Consequently, the SFE 2𝛾 would be governed 
by the creep strain 𝜀𝑝(𝑥,𝑡), resulting in a longer failure time 𝑡𝑓. Once the sorptive liquid reach complete 
diffusion and saturation takes place, 𝑡 ≥ 𝑡𝑠, a plasticized state governs the material response. This 
activates the plasticization damage 𝜔(𝑥,𝑡) within the SFE 2𝛾, and results in an acceleration of the SCG 
process, as shown in Fig.12(a). Apparently, the PZ deformation of HDPE, being a semicrystalline 
polymer, is not only constituted by the crystalline lamellae, but also by the diffusion of such sorptive 
liquid into its amorphous phase, filling the free volume pores [62, 80]. The same is justified by the 
different yield 𝜎𝑦 stress for materials with identical crystallinity, and the rise in yield stress 𝜎𝑦 by 
annealing with limited change in HDPE crystal structure. A magnified view of the crack and crack 
layer growth, 𝑙𝐶𝑅 and 𝐿, at three saturated glass transition temperature 𝑇𝑠𝑎𝑡

𝑔  values, i.e., 𝑇𝑠𝑎𝑡
𝑔,𝑖  = -70 °C, 

-80 °C, and -90 °C, is shown in Fig. 12(b). As can be seen, the higher 𝑇𝑠𝑎𝑡
𝑔 , the higher 𝜔(𝑥,𝑡) is and the 

lower 𝑡𝑓 is. The material transitions from a glassy state to rubbery state. The introduction of plasticizers 
molecules leads to a higher extent of chains mobility based on the rise of HDPE 𝑇𝑔 towards a higher 
value, i.e., 𝑇𝑠𝑎𝑡

𝑔,1 > 𝑇𝑠𝑎𝑡
𝑔,2 > 𝑇𝑠𝑎𝑡

𝑔,3. 



38

     

       

0 100 200 300 400 500 600

Elapsed time (h)

1.5

2

2.5

3

3.5

4

4.5

C
ra

ck
 a

nd
 c

ra
ck

 la
ye

r l
en

gt
h 

(m
m

)

Crack layer L (Oil)
Crack lcr(Oil)

0 50 100 150

Elapsed time (h)

1.5

2

2.5

3

3.5

4

4.5

C
ra

ck
 a

nd
 c

ra
ck

 la
ye

r l
en

gt
h 

(m
m

) Crack layer L (Oil)
Crack lcr(Oil)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Surface fracture energy plast (mJ/mm2)

-115

-110

-105

-100

-95

-90

-85

-80

-75

-70

G
la

ss
 tr

an
si

tio
n 

te
m

pe
ra

tu
re

 T
g (C

)

n = 0
n = 1
n = 2
n = 3
n = 4
n = 5

0 50 100 150 200 250 300 350 400 450
Failure time  tf (h)

-120

-110

-100

-90

-80

-70

-60
G

la
ss

 tr
an

si
tio

n 
te

m
pe

ra
tu

re
T g (C

)  = 3 MPa
 = 4 MPa
 = 5 MPa

𝐹 = 650 N; 𝑇 = 60 °C
𝑅 = 0.1; 𝑓 = 10 Hz

𝐿𝑖𝑓𝑒𝑡𝑖𝑚𝑒 (h)

(a) (b)

(c)

𝑙 𝐶
𝑅

, 𝐿
 (m

m
)

𝑡𝑓 (h)

𝑙 𝐶
𝑅

, 𝐿
 (m

m
)

𝑡𝑓 (h)

A
A

Increasing the glass 
transition temperature

𝑇𝑠𝑎𝑡
𝑔,3= - 90 °C 

𝑇𝑠𝑎𝑡
𝑔,1 = - 70 °C 

𝑇𝑠𝑎𝑡
𝑔,2 = - 80 °C 

(d)
𝑇 𝑔

 (C
)

𝛾𝑠𝑎𝑡
𝑝𝑙 /𝛾0

∆𝑡3∆𝑡2∆𝑡1

25
 h

ou
rs

10
0 

ho
ur

s

25
0 

ho
ur

s𝑇 𝑔
 (C

)

Increasing 
exponent 𝑛                                    

𝛾𝑠𝑎𝑡
𝑝𝑙 /𝛾0 =

𝑇𝑔(𝑡)
𝑇𝑔(0)

𝑛

― 1    

No diffusion (𝑡 < 𝑡𝑠)

Plasticized state
(𝑡 ≥ 𝑡𝑠)

11
 % 65

 %

(e) (f)

CRB 
specimen

Plasticizing 
environment

Plasticizing
agent

𝜎∞

𝑙𝐶𝑅

𝐿

𝑙𝑃𝑍

𝜎𝑚𝑎𝑥

𝜎𝑚𝑖𝑛

𝑡



39

Fig. 12. The parametric simulation results of the proposed CL model for various T𝑔 conditions. (a) Crack 
and crack layer, 𝑙𝐶𝑅 and 𝐿, propagation with various glass transition temperature values at 𝑅 = 0.1, 𝑓 = 10 
Hz, 𝑇 = 60 °C ; 𝐹 = 650 N. (b) magnified view of region ‘A’ showing 𝑙𝐶𝑅 and 𝐿 growth at 𝑇𝑠𝑎𝑡

𝑔,𝑖   = - 70 °C, 
- 80 °C, and - 90 °C. (c) variation of the normalized plasticization surface fracture energy (SFE) 𝛾𝑠𝑎𝑡

𝑝𝑙 /𝛾0 
with the glass transition temperature T𝑔, for various exponent 𝑛 levels. (d) effect of T𝑔 variation on the 
lifetime at different applied stress levels, namely 𝜎𝑃𝑎 = 3 MPa, 4 MPa, and 5 MPa. (e) a schematic 
representation of the CRB specimen immersed in a plasticizing environment. (f) Diffusion of the 
plasticizing agent into the PZ by absorption. (c) Magnified view of the influx of the plasticizing agent at 
the crack tip.

For hydrocarbons with larger plasticization effect, the exponent 𝑛 within the saturated SFE 𝛾𝑠𝑎𝑡
𝑝𝑙  

can be adjusted to account for the dependency on 𝑇𝑔. For instance, for a PE material with a 𝑇𝑔 of -115 
°C and 𝑇𝑠𝑎𝑡

𝑔  of -75 °C, the drop in 𝛾𝑠𝑎𝑡
𝑝𝑙 , by increasing the exponent 𝑛 from 𝑛 = 0 to  𝑛 = 5, can vary 

from 65% down to 11% from the initial SFE 𝛾0, as outlined in Fig. 12(c). Physically, with this change, 
the macromolecular chains in the amorphous phase are further stretched by the infusion of this stronger 
plasticizer, generating higher uniaxial stress that acts on the lamellae surfaces. The amorphous phase, 
consequently, is subjected to a larger uniaxial tension transmitted to the crystal surfaces. The presence 
of such more penetrable molecules makes the retraction of the amorphous phase impossible due to 
osmotic pressure and macromolecules connecting adjacent lamellae being stretched.

The effect of the variation of 𝑇𝑔 for various applied stresses 𝜎𝑃𝑎 is shown in Fig. 12(d). The lifetime 
is simulated for three applied stress levels 𝜎𝑃𝑎, namely 3 MPa, 4 MPa, and 5 MPa. This was carried 
for the same PE material with 𝑇𝑔 of -115 °C and 𝑇𝑠𝑎𝑡

𝑔  of -70 °C. The lifespan, for the plasticized state, 
is found to drop from 250 hours at 𝜎𝑃𝑎 = 3 MPa, to 100 hours at 𝜎𝑃𝑎 = 4 MPa, and eventually to 25 
hours at 𝜎𝑃𝑎 = 5 MPa, representing a 60 % and a 90 % decline, respectively. On the other hand, for 
the non-plasticized state, with 𝑇𝑔 = -115 °C, the lifetime variation is found to be more sensitive than 
in the plasticized state. The lifespan is found to drop 58 % from 𝜎𝑃𝑎 = 4 MPa to 𝜎𝑃𝑎 = 3 MPa, and 87 
% from 𝜎𝑃𝑎 = 5 MPa to 𝜎𝑃𝑎 = 3 MPa. The lifetime variation is also found to be more sensitive at 
higher stresses, e.g., 𝜎𝑃𝑎 = 3 MPa, than at lower levels, e.g., 𝜎𝑃𝑎 = 3 MPa, comparing plasticized 
HDPE, at 𝑇𝑔 of -70 °C, and neat HDPE, at 𝑇𝑔 = -115 °C. In other words, ∆𝑡1 increase is found to be 
approximately 70%, whereas ∆𝑡2 and ∆𝑡3 drops to nearly 42 % and 35 %, respectively. 

Such insights can aid in the assessments of many industrial and design applications, enabling the 

(g)

Influx of
plasticizer

𝑃𝑎

PZ tip
Crack tip

Process zone (PZ)

CL



40

use of plasticized HDPE products with improved reliability. Nevertheless, it has long been known that 
for a given HDPE material, different test geometries can result in different 𝑑𝑎/𝑑𝑁 versus 𝛥𝐾 curves 
[81]. This effect, though, can be accounted for in the future, as reported by Jones et al. [81], using the 
Simple Scaling approach that was first proposed to metal [82], and the Hartman-Schijve variant of the 
Nasgro crack growth equation [83]. As shown by Jones et al. [81], the Hartman–Schijve crack growth 
equation was able to account for the differences in the crack growth rate, 𝑑𝑎/𝑑𝑡, versus 𝛥𝐾 curves for 
three different HDPE compositions, demonstrating its success in analysing the SCG rate for various 
HDPE grades.

4. Conclusions and future perspectives

In this study, a novel simulation framework was proposed by developing a fundamental model for 
the diffusion-assisted SCG behavior of HDPE exposed to a plasticizing fluid, e.g., hydrocarbons. When 
a polymeric material is in contact with such sorptive liquids, it is commonly observed that the 
deformation mechanism within the PZ switches from craze breakdown to shear yielding. Owing to 
such changes in the PZ deformation, the plasticized behavior of the PZ should be modeled with a 
mechanistic approach. Kinetic equations for the deterioration of the PZ surface fracture energy are 
proposed. In addition, the Green's function for stress intensity factor (SIF) was developed to analyze 
the released energy with cracking for an axisymmetric solid. A parametric study of several input 
parameters, such as the glass transition temperature 𝑇𝑔 and the applied stress 𝜎𝑃𝑎, was conducted to 
examine whether the developed model revealed appropriate trends. Using the proposed model, the 
reported plasticization results were reconstructed successfully, including the cycles to failure 𝑁𝑓, crack 
evolution length 𝑙𝐶𝑅 the SCG rate with 𝑅2 = 0.95.

In the future, additional investigations can be done in order to improve the developed CL model 
predictions. For example: 1) hydrocarbon-based plasticizers, which are well-known sorptive liquids 
that attack the HDPE pipe, are commonly encountered in various chemical forms, for example, sent 
oils or gaseous fuels. There are several steps in the physical and chemical reaction mechanism and 
kinetics of these chemicals. In this study, however, it is assumed that one type of plasticizers diffuses 
into the polymer substance and is consumed as it is, through an irreversible chemical reaction. 2) The 
chemical reaction and the washing out of the anti-oxidants (AO) from the specimen outer wall was not 
considered. Therefore, the process of AO and stabilizer extraction and chemical aging from the 
absorption of hydrocarbons can be considered in future works.

Nevertheless, this study outcomes are significant as they provide a fundamental mechano-chemical 
degradation model that enables the understanding of plasticization failure behaviors from actual oilfield 
sites. In addition, it is a newly proposed framework for thermoplastics lifetime assessments in the 
plasticized state, wherein the damage parameter can be physically estimated. These results revealed 
the tendency of SCG acceleration and independence of the lifetime from the applied stress in the highly 
plasticized condition, which has only been characterized as a phenomenological method. All in all, the 
lifespan and reliability of HDPE pipes under plasticizing environments can be accurately predicted, 
given that few input parameters are determined with small-scale tests. 
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Highlights

o A novel plasticization induced slow crack-growth model for high-density polyethylene is 
developed.

o The crack layer theory is modified considering shear yielding in the process zone instead of 
crazing.

o Plasticization behavior in the pre-saturated state and during the slow crack growth is 
successfully simulated.

o The newly proposed slow crack growth model shows great accuracy with the experimental 
results.

o The developed model expands the applicability of the crack layer theory to any plasticizer.


